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Preliminary note

Abstract

This note proposes a user-friendly and still-developing language for pointwise representation
certificates. It does not identify runtime, sample complexity, generalization error, and regret.
Instead, it separates three objects: the resource needed to discover or verify a representation, the
local size of that representation, and the residual certificate obtained after the representation is
available. The residual certificate has a type: it may be computational, statistical, information-
theoretic, or optimization-theoretic. Average-case and smoothed analysis put distributions on
inputs; parameterized complexity fixes explicit structural parameters. Pointwise representation
certificates ask a different question: for this input, trained model, optimization trajectory, or
interaction, has an admissible representation been discovered that is sufficient for a smaller
residual problem? The note gives self-contained definitions and explains how backdoors, tree
decompositions, local nonconvex certificates, pointwise neural-network generalization, data-driven
algorithm design, learning-to-optimize, statistical-query restrictions, and Bellman log-potential
search fit this typed certificate view without confusing computational complexity with statistical
or information complexity.

1 The separation of quantities

A task is a family
P ={(X0, Vn,Rp) :mn>1}.

Here x € X, is an input or instance, y € Y, () is an output or certificate, and R, (z,y) € {0,1} is
the verification relation. For a language L, one may take },, = {0,1} and R, (z,y) = 1{y = 11(x)}.
For an N P search problem, R, (z,w) = 1 means that w is a valid witness.

The first convention is that the word cost is avoided unless its unit has been specified. The
relevant quantity may be time, memory, verifier calls, communication, samples, feedback, regret,
excess risk, proof length, or an optimization residual. These quantities should not be added unless a
theorem supplies a common scale. A pointwise certificate is therefore typed.

Definition 1.1 (Typed performance criterion). A typed performance criterion is a map P that
assigns to an algorithm, estimator, policy, or solver a quantity with a specified unit. FEramples
include R

Time(A4, x), Risk(f; D), Regp(m,w), Fp(z) — il’zlf F.(z),

where the first is computational, the second statistical, the third sequential/information-theoretic,
and the fourth optimization-theoretic. A theorem must state which typed criterion is being bounded.



Thus representation complexity for computation and representation complexity for learning
are not the same numerical object. They share a syntax—discover a representation, charge its
size, solve a residual problem—but the residual theorem is different. In computational complexity
the residual may be a running time or verifier-call bound. In learning it may be an excess-risk
or generalization bound. In bandits and reinforcement learning it may be a regret or information
bound. The common representation language is useful precisely because it keeps these distinctions
explicit.

Classical worst-case complexity studies bounds of the form

inf sup Time(A, z)
A IEGXn

(Roughgarden, 2021). Average-case complexity fixes a distribution D,, on &,, and studies
EXN’Dn Time(A, X)

(Levin, 1986; Yao, 1977). This is analogous to using an external prior over inputs, but it is not a
pointwise explanation of why a particular input is easy. Parameterized complexity fixes a structural
parameter x(x) and proves

Time(A, z) < f(k(z)) poly(n)

(Downey and Fellows, 2013; Cygan et al., 2015). This is analogous to imposing a geometric or
structural restriction on the instance. Pointwise representation certificates are more flexible: the
useful representation may be discovered by the algorithm or interaction, but the discovery and
verification resources must be charged (Xu, 2026a).

2 Admissible sufficient representations

Definition 2.1 (Admissible representation scheme). For input length n, an admissible representation
scheme R consists of:

(i) a representation space Sy;

(11) a discovery or construction procedure G, that maps an input or interaction history to a state
S € S, and possibly a certificate (;

(iii) a residual interface, such as a verifier, feasible-operation map, oracle model, transition rule,
objective primitive, statistical model, or Bellman update;

(iv) a residual solver or residual theorem that uses only (S, () and the residual interface.

The scheme is admissible only if R, Gr.n, and the residual solver or theorem are specified indepen-
dently of the hidden answer or witness. If an oracle supplies solution information, that oracle must
belong to the original problem and its resource usage must be charged.

Admissibility is essential. Without it, one could set S equal to the correct answer, a valid witness,
or an optimal search path, and every problem would have zero residual difficulty. An analogy is
PAC-Bayes prior blindness: the prior should not depend on, or already encode, the hypothesis being
certified (McAllester, 1999).

Definition 2.2 (Sufficiency for a residual criterion). Let (S, () = Grn(x).



(a) For a decision problem, (S,() is sufficient if there is a computable map Dg such that

(b) For an NP search problem, it is sufficient if the exact residual witness set is determined by
the state:
{w: Ry(z,w) =1} = Wg.

(c) For an optimization problem, it is sufficient at accuracy € if the residual certificate proves that
the specified residual solver reaches an e-optimal point, or proves the claimed local optimum
condition, using only (S, ).

(d) For a statistical learning problem, it is sufficient if the theorem’s risk or excess-risk bound
depends on the data, algorithm, and hypothesis only through (S, () and stated residual quantities
such as empirical error, approrimation error, and optimization error.

(e) For an interactive decision problem with history Hy_1 and state Sy = ¢i(Hy—1), it is dynamically
sufficient if the feasible operations, response law or adversarial response rule, loss or typed cost,
and update close on the state:

Ai(Hi-1) = Ai(S),
Pp(-| Hi—1,a) = Ps,(- | a),  co(Hi-1,a) = (S, a),
St+1 = Tt<St,at,Ot).

The full input or full interaction history is always sufficient. A compressed state is useful only after
exact closure or a certified approzimation has been verified.

Definition 2.3 (Typed pointwise representation certificate). For an admissible sufficient represen-
tation scheme R, define the typed certificate

Certr (z) := (Discr (), Sizer (), Resg (2)).

Here Discg (x) records the resource or evidence required to discover, compute, learn, or verify the
representation; Sizer(x) records a description length, local entropy, rank, dimension, or other
representation-size charge; and Resg(x) records the residual certificate in its own type. These
entries need not share units. A theorem that turns a certificate into a scalar bound must specify an
evaluation functional

U : (Disc, Size, Res) — the typed quantity being bounded.
For an admissible atlas R, the corresponding pointwise bound is therefore

Cym(z):= 7%Igﬁ‘IJ(CertR(:r:)),

whenever the right-hand side is meaningful. Without such a ¥V, the tuple Certg(z) is a structured
certificate rather than a single complexity number.

A pointwise certificate is therefore not always a scalar. The components of (Disc, Size, Res)
may be numbers, but they may also be structured objects: an effective subspace, a local basin, a
decomposition, a verifier, a Bellman potential, or a residual optimization certificate. The role of the
theorem is to say which features of these objects enter the target quantity.



For example, in a running-time theorem the evaluation functional ¥ may convert discovery
time, representation size, and residual dynamic-programming time into one computational resource
bound. In a statistical risk theorem, Size may enter through a statistical penalty, while Disc records
how the representation was found or certified and Res records empirical-risk, approximation, or
optimization residuals. In pointwise deep-learning bounds, the learned effective eigenspace is part of
the representation discovered by the algorithm, the associated local effective dimension contributes
to Size, and the remaining empirical-risk, approximation, or optimization residual belongs to Res.

3 How pointwise certificates coexist with hardness

Pointwise certificates can explain why particular instances are easy, but they do not invalidate
worst-case hardness. To avoid ambiguity, we state the claim for a polynomially checkable search
relation

RC{0,1}* x {0,1}*,

with polynomially bounded witnesses and polynomial-time verifier. Its associated decision language
is

Lp := {z : 3w such that R(x,w) = 1}.

Thus P and RP below refer to the decision language L. The class RP is the standard randomized
polynomial-time class with one-sided error: no-instances are rejected with probability one, and
yes-instances are accepted with probability at least a fixed positive constant, which can be amplified.

Proposition 3.1 (Pointwise tractability does not collapse worst-case hardness). Suppose R admits
an admissible representation system with the following uniform polynomial guarantee. For every
input x of length n, a discovery procedure finds a representation s = ¢(x) in time poly(n), the
representation certificate is checkable in time poly(n), and a residual deterministic solver, given
(x,s), correctly decides whether a witness exists and outputs a valid witness whenever one exists, all
in time poly(n). Then Lr € P, and the search relation R is solvable in deterministic polynomial
time.

If instead the residual solver is randomized with one-sided error, meaning that it never outputs
an invalid witness or accepts a no-instance, and on every yes-instance it outputs a valid witness with
probability at least 1/2, with polynomial running time and standard amplification, then Lr € RP.

Proof. On input z, run the discovery procedure to obtain s = ¢(x), verify the representation
certificate, and then run the residual solver. In the deterministic case, the assumed soundness, com-
pleteness, and uniform polynomial running-time bounds give a polynomial-time decision algorithm
for Lr and a polynomial-time search algorithm for R.

In the randomized case, reject unless the solver outputs a witness w with R(x,w) = 1. Soundness
gives zero acceptance probability on no-instances. On yes-instances, the solver outputs a valid
witness with probability at least 1/2, and repeated independent trials amplify this success probability
in polynomial time. Hence L € RP. O

Consequently, if Lg is N P-hard under polynomial-time many-one reductions, then a uniformly
polynomial deterministic certificate system of the kind in Proposition 3.1 would imply P = NP.
A uniformly polynomial one-sided randomized certificate system would imply NP C RP. Thus
pointwise representation certificates should not be read as worst-case algorithms for all instances
unless such a collapse is intended. Their useful role is pointwise, distributional, smoothed, or
trajectory-dependent: some inputs, neighborhoods, training distributions, or algorithmic paths may
have small admissible certificates even though the worst-case supremum remains large.



4 Examples of typed residual certificates

4.1 Parameterized residual dynamic programs

A backdoor set B for SAT is a sufficient representation when assigning the variables in B reduces
the formula to a tractable class. If |B| = k and the backdoor is discovered at resource D(z), brute
force over the backdoor gives

Time(z) < D(z) + 2¥ poly(n).

A tree decomposition of width w gives, for many graphical and constraint problems,
Time(z) < D(z) + nexp(O(w)).

These are standard parameterized-algorithmic examples of admissible sufficient representations: the
representation is useful because it is checkable, discoverable or supplied with its discovery resource
charged, and sufficient for the residual dynamic program (Downey and Fellows, 2013; Cygan et al.,
2015; Roughgarden, 2021).

4.2 Local nonconvex optimization certificates

For nonconvex optimization, let F, : R™ — R be the objective. A sufficient local optimization state
may contain a region Ug, an initialization z¢(S), and constants (Lg, pug) such that the algorithm
stays in Ug, F, has Lg-Lipschitz gradient on Ug, and the Polyak-Lojasiewicz inequality holds on
Us:

SIVEGIP 2 ps(F(e) - F2WUs), =€ Us.

Then gradient descent with step size 1/Lg reaches error ¢ in

O<Ls o Fel20) = FI<US>)
s €

iterations. This bypasses global nonconvex hardness only pointwise: the certificate proves that this
instance and initialization lie in a tractable invariant basin. It does not claim that all basins can be
found or that the full landscape is easy.

4.3 Statistical pointwise representations and deep learning

In supervised learning the target criterion is usually population risk, not runtime. A pointwise
statistical certificate should therefore be written as an oracle inequality, not as a computational
time bound. A typical form is

Risk(f; D) — Risk(f*; D) < Approx(S) + AlgErr(f; S)
+ Stat(Size(S), n, §),

with probability at least 1 —4. Here S is the learned or selected representation, Approx(S) is the bias
or approximation price of using that representation, AIgErr(]?; S) is the empirical or optimization
residual such as an ERM gap, and Stat(Size(S),n,d) is the statistical penalty. The discovery
resource used to obtain S, for example training time, is a separate computational quantity unless
the theorem explicitly combines it with risk.

Recent pointwise generalization theory for deep neural networks fits this template. The effective
eigenspace or spectrum of the learned feature representation is a candidate state S; its local effective



dimension is a representation-size term; and the remaining residual is the pointwise generalization
error within the represented class, together with the corresponding approximation and optimization
errors (Li and Xu, 2026). The final theorem is a statistical generalization certificate. It becomes
a computational certificate only after one also bounds the resource needed to find or verify the
effective eigenspace and to control the empirical or optimization residual. Thus the representation
language is shared, but the typed conclusion is different: feature-spectrum complexity controls a
risk bound, not the running time of training unless training resources are separately charged.

4.4 Bellman log-potential search and sequential decisions

For planning, proof search, program synthesis, reasoning, bandits, or reinforcement learning, let Y,
be the correct answer, branch, proof, plan, policy, or certificate. Suppose a sufficient search state S
maintains an admissible distribution ¢; over candidate indices. A log-potential certificate uses

1
Vi(S) + vlog ——.
o0+ vloe L v

If each operation satisfies the verified Bellman inequality

Yy
ct(St, At) + EVig1(Seq1) — Vi(Si) < vElog qthz:(ll(/)) e
then telescoping gives
EZCt<V1(51)+710g +Zst,

t=1

up to a nonnegative terminal potential. The residual criterion here may be a search resource,
a regret bound, or an information bound, depending on the problem. This is the log-potential
form behind PAC-Bayes, exponential weights, and Bellman-sufficient information complexity for
sequential decisions (Xu, 2026b). It is valid only when the state update, distribution update, and
Bellman inequality are part of the certificate. The typed conclusion is a search-resource, regret,
or information bound according to the problem statement; the computational cost of solving the
Bellman program is separate unless it is also charged.

5 Existing theories through the typed lens

5.1 Average-case and smoothed analysis

Average-case complexity studies Ex.p, Time(A, X). A pointwise representation theorem instead
proves a bound on a typed certificate Certg (X) and then studies its distribution. Smoothed analysis
studies X = = + &, with adversarial center Z and random perturbation £ (Spielman and Teng, 2004).
A pointwise representation statement has the form

sup Pe{Certr (7 +€) ¢ Gu} < 0(u),

where G, is the event that the discovery resource, representation size, and residual resource are within
the claimed range. Perturbation does not remove worst-case hardness; it makes bad certificates
unlikely under the perturbation model.



5.2 Data-driven algorithm design

Data-driven algorithm design chooses an algorithmic parameter from training instances and proves
that its performance generalizes to future instances (Balcan, 2020; Balcan et al., 2021; Gupta and
Roughgarden, 2020; Haussler, 1992). If © is a finite parameter class and losses lie in [0, 1], then
with m training instances,

< \/log|@] + log(1/0)

1 m
sup |E Cost(Ay, Z) — p- Z Cost(Ay, Z;) -
i=1

0cO

with high probability. This is a statistical generalization theorem about selecting an algorithmic
parameter. It does not by itself describe the pointwise representation used by the selected algorithm
on a future instance. A pointwise question can be asked after selection: which sufficient state does
A, discover on the new instance, what resource is required, and what residual problem remains?

5.3 Learning-to-optimize

Learning-to-optimize trains an update rule or iterative policy for a family of optimization problems
(Chen et al., 2022; Sucker and Ochs, 2025; Sambharya and Stellato, 2025). The learned object is a
computational policy, not just a static algorithmic parameter. A typed certificate has two layers.
First, a statistical theorem controls how the learned optimizer generalizes across tasks. Second, a
pointwise residual certificate controls convergence on a new task, for example by a local PL basin, a
descent certificate, or a Bellman log-potential inequality. Deployment time, number of iterations,
and memory are computational resources; task-generalization is a statistical quantity. They can
both be studied, but they should not be merged without an explicit theorem.

5.4 Statistical-query restrictions

Statistical-query algorithms access expectations through noisy query oracles (Kearns, 1998; Feldman,
2017). This is a formal admissibility restriction: the state may contain only quantities estimable by
the SQ oracle to the required tolerance. A high SQ dimension can be read as a lower bound on the
existence of small SQ-accessible sufficient representations, even when sample-theoretic complexity
alone is small. This is one of the cleanest links between statistical and computational complexity,
because the statistical query interface is also a computational restriction.

6 Conclusion

Pointwise representation certificates are not a single replacement for computational complexity or
statistical learning theory. It is a typed certificate language. Average-case analysis weights inputs;
parameterized complexity restricts inputs by explicit structural parameters; pointwise representation
certificates ask what useful state can be discovered on this input, trained model, or interaction, charge
that discovery, and prove that the residual problem closes on the state. The framework separates
computation, representation size, and statistical information. Computation discovers or exploits a
representation; the representation has local size; and the residual certificate may be computational,
statistical, optimization-theoretic, or information-theoretic. This provides a user-friendly and still-
developing language for explaining the tractability of particular hard-looking instances, nonconvex
objectives, combinatorial structures, learned optimizer states, neural representations, and reasoning
searches, while remaining consistent with worst-case hardness.
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