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Abstract

We study value estimation for deterministic policies with continuous, possibly multivariate
treatments. Because a prescribed action has conditional probability zero, estimation must be
local. We analyze a doubly robust estimator whose correction evaluates both nuisance func-
tions at the realized treatment. Its exact bias is the sum of a product error and a smoothing
error in (m̄ − mP )fP /f̄ , rather than in the outcome regression itself. This identity makes
the relevant bandwidth depend on the curvature left after first-stage estimation. On explicit
reference-assisted classes with curvature radius r, and when the product error is negligible at
the target scale, we prove the matching minimax mean-squared error n−1 ∨ n−4/(d+4)r2d/(d+4),
including the parametric transition. We also establish conditional limit theory, feasible studenti-
zation, and a cross-fitted oracle approximation. Simulations and a semi-synthetic pricing study
illustrate the resulting bias and bandwidth behavior.
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1 Introduction

Consider the value of a deterministic policy when treatment is continuous. The target depends
on the conditional mean outcome at A = θ(X), yet this event has probability zero. Estimation
must therefore use observations whose realized treatments lie near the policy action. The resulting
problem is local even when the policy value itself is an average.

Localization changes the design of a debiasing term. In discrete-treatment problems, nuisance
functions may be evaluated at the observed or prescribed action without creating a smoothing
discrepancy. With a continuous treatment, the two placements lead to different biases. A correction
evaluated at the policy action smooths the outcome surface. A correction evaluated at each realized
treatment can instead smooth only the error left by the first-stage regression. This distinction is
the starting point of the paper.

Let mP (a, x) = EP (Y | A = a,X = x) and let fP (a | x) be the conditional treatment density.
From auxiliary data, construct references m̄ and f̄ . On an independent evaluation sample, consider
the augmented estimating function

ψh(Z; m̄, f̄) = m̄{θ(X), X}+ Kh{A− θ(X)}
f̄(A | X)

{Y − m̄(A,X)}. (1.1)

Here f̄ denotes the conditional-density function (a, x) 7→ f̄(a | x); f̄(Ai | Xi) is simply its value at
an observed pair. We use “estimating function” for (1.1) and reserve “generalized propensity” for
such conditional-density values.

The placement of the two nuisance functions in (1.1) yields an exact identity. Write

∆P = m̄−mP , δP = 1− fP /f̄ , gP = ∆P fP /f̄ .
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Conditional on the fitted references, the bias of V̂h = Pnψh is

EP (V̂h | D0)− VP (θ) = EP [∆P {θ(X), X}δP {θ(X), X}]

+ EP

[
gP {θ(X), X} −

∫
K(u)gP {θ(X) + hu,X} du

]
. (1.2)

The first term is the familiar product error. The second smooths gP , not mP . Thus (1.1) is unbiased
for every bandwidth whenever m̄ = mP , regardless of the positive reference density. When f̄ = fP ,
the product term vanishes and the remaining bias depends on the curvature of m̄−mP . With both
nuisances estimated, density error enters through the product term and through the ratio fP /f̄ in
gP .

This identity suggests a different measure of local difficulty. Classical second-order kernel theory
controls the curvature of the regression itself; on a fixed smoothness ball it yields mean-squared
error n−4/(d+4) (Stone, 1980, 1982; Tsybakov, 2009). We instead index the problem by a uniform
local bound r on the treatment Hessian of gP . When the product error is negligible at the target
scale, balancing squared smoothing bias against local variance gives

Rn,d(r) = n−1 ∨ n−4/(d+4)r2d/(d+4). (1.3)

For fixed r, this is the classical second-order rate. When a first-stage learner leaves a shrinking
curvature radius, the rate improves and eventually reaches the parametric floor. The comparison
is therefore between two statistical classes, not a contradiction of classical lower bounds on a fixed
Hölder ball.

1.1 Contributions

The paper develops four aspects of this observation.

(i) Bias geometry and estimator design. We give the exact finite-bandwidth identity (1.2) for
multivariate treatments and two learned nuisances. An integral Taylor formula shows that the
leading smoothing term is governed by the Hessian of gP . The common neighborhood and
integrable derivative conditions are stated explicitly; pointwise Taylor control is not sufficient
for a uniform result.

(ii) Uniform and minimax theory. We prove a uniform finite-sample risk bound and establish
matching upper and lower bounds for (1.3) on two explicit reference-assisted models: one with
a known reference and one with a population-projection reference learned on a pilot sample.
The bounds include the transition to n−1. They also show how an α-smooth first stage, α > 2,
can transfer its derivative rate through a second-order outer kernel, subject to the stated
product and derivative conditions.

(iii) Inference with estimated first stages. We prove conditional central limit theorems for shrinking
and fixed bandwidths, give ratio-consistent variance estimators and feasible studentization,
and derive a fixed-fold cross-fitted oracle approximation. Following the econometric theory of
generated regressors, we separate equicontinuity of the centered empirical process from rate-
normalized equicontinuity of the learned treatment derivatives. Sample splitting addresses the
former, not the latter.

(iv) Policy evaluation in finite samples. We derive a finite-policy Bernstein bound and report a com-
plementary empirical study. Controlled simulations examine bandwidth, dimension, and over-
lap; a semi-synthetic JD.com pricing study evaluates policies constructed by a PPO-inspired
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one-step neural optimization procedure. The experiments illustrate the bias mechanism and
its limits, rather than the shrinking-radius minimax exponent itself.

1.2 Related work

The estimator has a precise antecedent. Kallus and Zhou (2018) define the observationwise gener-
alized propensity Qi = fP (Ai | Xi), note that it may be imputed by conditional-density estimation,
and display the scalar version of (1.1). Their input Qi is the realized value of a density; our nui-
sance is the full conditional-density function, evaluated over a neighborhood of the policy action.
The formal theory controls its contribution through the Hessian of gP = (m̄ − mP )fP /f̄ , rather
than through a separate smoothness condition on f̄ . Their formal bias, variance, and MSE analysis
concerns known-density kernel IPW, corresponding here to f̄ = fP and m̄ ≡ 0.

Kallus and Uehara (2020) subsequently cross-fit learned outcome and conditional-density func-
tions in a general family that contains (1.1); their main bandit theorem analyzes two neighboring
kernelizations, one with a smoothed plug-in term and one with a target-evaluated correction. It
obtains the fixed-curvature n−4/5 rate for a scalar action and leaves a formal minimax result open.
Their paper also treats the broader problems of finite-horizon off-policy value and gradient esti-
mation. The distinct contribution here is the curvature-indexed and inferential theory for the
unsmoothed target plug-in combined with the realized-action correction. We also make explicit the
uniform Taylor expansion and local overlap assumptions required to make the expansion step in the
proof of Kallus and Zhou (2018) fully rigorous. In particular, a pointwise o(h2) remainder cannot
be passed through the expectation over X and the kernel integral without uniform integrability; the
fixed common neighborhood and the L1 Hessian modulus in (3.5) supply that control.

Other continuous-treatment estimators make different localization choices. Kennedy et al. (2017)
develop nonparametric doubly robust estimators for a dose-response curve. Colangelo and Lee (2026)
study a target-evaluated correction and establish inference under uniform derivative conditions. The
higher-order construction of Bonvini and Kennedy (2026) gives fast upper rates for dose-response
estimation, whereas Mou et al. (2023) develops local minimax theory for linear functionals over
RKHS classes. These targets and statistical classes differ from the reference-assisted classes used
for our matching lower bounds.

The analysis also belongs to the econometric tradition of two-step estimation and generated
regressors (Pagan, 1984; Newey, 1991; Andrews, 1994; Newey, 1994; Newey and McFadden, 1994;
Mammen et al., 2012). That literature clarifies why first-stage consistency alone does not control a
local random process: derivative behavior and stochastic equicontinuity must be imposed or proved
for the learner. Our rate-normalized curvature condition plays this role. From the perspective of
nonparametric minimax theory, the main point is equally classical: the rate is determined by the
class over which risk is measured. Reference assistance changes that class by restricting the error
remaining after the first stage, while leaving the usual fixed-ball theory intact (Brown and Low,
1996).

Organization. Section 2 gives the construction and implementation. Section 3 develops the bias
identity, uniform and minimax bounds, and inference. Section 4 treats policy learning and pricing,
and Section 5 reports the empirical study. Appendix A contains all proofs; Appendix B contains
implementation details and the full set of supplemental figures.
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2 Setup and estimator

We observe independent copies of Z = (X,A, Y ), where X ∈ X , A ∈ A ⊆ Rd, and Y is the observed
outcome. For each a ∈ A, let Y (a) denote the potential outcome under treatment a. A fixed
deterministic policy is a measurable map θ : X → A, with value

VP (θ) = EP {Y (θ(X))}.

Under the identification conditions of Section 3,

VP (θ) = EP [mP {θ(X), X}], mP (a, x) = EP (Y | A = a,X = x),

where mP is the continuous version specified in Assumption 3.1.
Let K : Rd → R be a centered second-order kernel and set Kh(v) = h−dK(v/h). An auxiliary

sample is used to construct an outcome reference m̄(a, x) and a conditional-density reference f̄(a | x).
The evaluation sample is independent of these functions. We study

V̂h(θ) =
1

n

n∑
i=1

[
m̄{θ(Xi), Xi}+

Kh{Ai − θ(Xi)}
f̄(Ai | Xi)

{Yi − m̄(Ai, Xi)}
]
. (2.1)

The weighted term is set to zero when its kernel factor is zero. Positivity of f̄ is therefore required
only on the policy neighborhood reached by the kernel.

2.1 The realized-action correction

The plug-in term in (2.1) is evaluated at the policy action; the correction evaluates both nuisance
functions at the observed action. This alignment gives, conditional on X and the references,

EP

[
Kh{A− θ(X)}

f̄(A | X)
{Y − m̄(A,X)}

∣∣∣∣X] = −
∫
K(u)gP {θ(X) + hu,X} du, (2.2)

where gP = (m̄ − mP )fP /f̄ . Equation (2.2) is the mechanism behind the exact bias formula of
Theorem 3.4. If m̄ = mP , the correction has mean zero for every positive f̄ and every bandwidth.
If f̄ = fP , the usual product error disappears and the smoothing bias is determined by m̄−mP .

The placement is substantive. A target-evaluated alternative has the form

m̄{θ(X), X}+ Kh{A− θ(X)}
f̄{θ(X) | X}

[
Y − m̄{θ(X), X}

]
. (2.3)

Its regression error and density are fixed at the target action while the kernel ranges over nearby
observations. Consequently its leading bias contains curvature of the target regression and density.
In (2.1), the corresponding curvature belongs to gP , the first-stage error after the density change of
measure. Section 1 places these constructions in the literature.

2.2 Cross-fitting and bandwidth

For fixed-fold cross-fitting, estimate m̄ and f̄ off-fold, truncate the fitted density to positive finite
bounds on the policy neighborhood, evaluate (2.1) on the held-out fold, and average the resulting
pseudo-outcomes. Once the nuisance fits are stored, evaluation requires a single pass through the
data.
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Prediction error alone does not determine the curvature-sensitive bandwidth. The analysis
controls the treatment Hessian of

gP = (m̄−mP )fP /f̄ ,

including derivatives of fP /f̄ when the density is learned. Given a valid curvature bound r̄ and
product-error bound ρ̄, the rate calculation uses

h = h0 ∧ ch(nr̄2)−1/(d+4).

The bound r̄ must have the order of the underlying radius to attain the stated rate; a conservative
bound remains valid but can lead to excess undersmoothing. Without derivative control, the theory
supports only the fixed-radius bandwidth and rate. Thus “curvature-adaptive” describes the radius-
dependent analysis and bandwidth choice, not automatic adaptation to an unknown smoothness
class.

3 Theory

Throughout, the treatment dimension d ≥ 1 is fixed. The covariate X may be high dimensional; its
dimension enters only through the first-stage method. Unless stated otherwise, (m̄, f̄) are fitted on
an auxiliary sample D0 independent of the n observations in (2.1). All conditional statements are
conditional on D0.

3.1 Identification and local regularity

For h0 > 0, define the fixed neighborhood of the policy action

Nθ(h0) = {(a, x) : ∥a− θ(x)∥∞ ≤ h0}.

Assumption 3.1 (Identification and regular versions). The policy θ is fixed and measurable. Uni-
formly over the laws under consideration, the following hold for constants h0 > 0 and 0 < f < f <
∞.

(a) Consistency holds, Y = Y (A) almost surely, and weak unconfoundedness holds: Y (a) ⊥ A | X
for every a ∈ A.

(b) For PX -almost every x, θ(x) + [−h0, h0]d is contained in the interior of the conditional treat-
ment support.

(c) The functions mP (a, x) = EP (Y | A = a,X = x), µP (a, x) = EP {Y (a) | X = x}, and
fP (a | x) denote fixed jointly measurable versions that are continuous in a on Nθ(h0), and

f ≤ fP (a | X) ≤ f on Nθ(h0) almost surely.

Because A = θ(X) is a null event, the target depends on the chosen continuous versions. Con-
sistency and weak unconfoundedness identify mP (a, x) = µP (a, x) for Lebesgue-almost every local
treatment value; positivity and continuity extend this equality throughout the policy neighborhood.
Therefore

VP (θ) = EP [mP {θ(X), X}].
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Assumption 3.2 (Kernel). The kernel K : Rd → R is bounded and supported on [−1, 1]d, and∫
K(u) du = 1,

∫
uK(u) du = 0.

For some η > 0,

RK :=

∫
K(u)2 du ∈ (0,∞),

∫
|K(u)|2+η du <∞.

Define
MK :=

∫
uu⊤K(u) du, L2,K :=

∫
∥u∥22|K(u)| du <∞.

A product kernel formed from a symmetric univariate kernel satisfiesMK = κId and RK = R(k)d.
A general MK also permits a fixed non-axis-aligned smoothing geometry.

Assumption 3.3 (References and local moments). Conditional on D0, m̄ and f̄ are fixed measurable
functions. For a constant f ref <∞,

f ≤ f̄(a | X) ≤ f ref on Nθ(h0) almost surely,

and, for a constant M <∞,
EP |m̄{θ(X), X}|2+η ≤M.

Use jointly measurable regular versions of the conditional moments in the next display. For each
p ∈ {2, 2 + η},

sup
∥v∥∞≤h0

EPX

[
fP {θ(X) + v | X}
f̄{θ(X) + v | X}p

× EP (|Y − m̄{θ(X) + v,X}|p | A = θ(X) + v,X)

]
≤M. (3.1)

The assumptions constrain only a neighborhood of the policy action. Integrable envelopes may
replace (3.1); pointwise moment bounds alone do not suffice for the uniform results below.

Write
∆P (a, x) = m̄(a, x)−mP (a, x), δP (a, x) = 1− fP (a | x)

f̄(a | x)
,

and define the density-ratio-weighted regression error

gP (a, x) = ∆P (a, x)
fP (a | x)
f̄(a | x)

= ∆P (a, x){1− δP (a, x)}. (3.2)

3.2 Exact bias and a uniform remainder

Let
ψh(Z; m̄, f̄) = m̄{θ(X), X}+ Kh{A− θ(X)}

f̄(A | X)
{Y − m̄(A,X)}, V̂h = Pnψh.

The weighted residual term is defined to be zero whenever its kernel factor is zero.
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Theorem 3.4 (Exact conditional bias and Hessian expansion). Under Assumptions 3.1–3.3, for
every 0 < h ≤ h0,

βP,h := EP (V̂h | D0)− VP (θ)

= B0,P + EP

[
gP {θ(X), X} −

∫
K(u)gP {θ(X) + hu,X} du

]
, (3.3)

where
B0,P = EP [∆P {θ(X), X}δP {θ(X), X}] . (3.4)

Suppose additionally that, for PX-almost every x, gP (·, x) has an absolutely continuous gradient
along every line segment in the policy neighborhood. Assume that it has a jointly measurable Hessian
version such that, along each such segment a+ sv,

d

ds
∇agP (a+ sv, x) = ∇2

agP (a+ sv, x)v for almost every s,

and satisfying
sup

∥v∥∞≤h0

EP ∥∇2
agP {θ(X) + v,X}∥op <∞.

Set
H2,P = EP [∇2

agP {θ(X), X}],

and
ω2,P (h) = sup

∥v∥∞≤h
EP

∥∥∇2
agP {θ(X) + v,X} − ∇2

agP {θ(X), X}
∥∥
op
. (3.5)

Then

βP,h = B0,P − h2

2
tr(MKH2,P ) +RP,h, |RP,h| ≤

L2,Kh
2

2
ω2,P (h). (3.6)

If, in addition, the Hessian is absolutely continuous along every local line segment and

EP

[
sup

∥v∥∞≤h0

∥∇3
agP {θ(X) + v,X}∥op

]
≤M3,P ,

where the norm is the operator norm of the trilinear derivative, then ω2,P (h) ≤
√
d hM3,P .

For a class P, a uniform expansion requires

lim
h↓0

sup
P∈P

ω2,P (h) = 0.

Pointwise twice differentiability alone does not justify integrating an o(h2) remainder over contexts
and kernel arguments.

For risk bounds, define the fixed-neighborhood Hessian seminorm

Cθ(P ; m̄, f̄) = sup
∥v∥∞≤h0

EP ∥∇2
agP {θ(X) + v,X}∥op. (3.7)

Corollary 3.5 (Conditional mean-squared error). If the assumptions of Theorem 3.4 hold and
Cθ(P ; m̄, f̄) ≤ r, then, for every 0 < h ≤ h0,

EP {(V̂h − VP )
2 | D0} ≤ C

{
B2

0,P + r2h4 +
1

nhd
+

1

n

}
, (3.8)

where C depends only on the common constants in the assumptions and on K.
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3.3 Uniform risk and the curvature radius

For fixed references (m̄, f̄) and r, ρ ≥ 0, let

Pθ(r, ρ; m̄, f̄) =
{
P : P satisfies Assumptions 3.1–3.3 with common constants,

|B0,P | ≤ ρ, Cθ(P ; m̄, f̄) ≤ r
}
. (3.9)

Define
Rn,d(r) = n−1 ∨ n−4/(d+4)r2d/(d+4). (3.10)

Theorem 3.6 (Uniform upper bound). For every 0 < h ≤ h0, uniformly over P ∈ Pθ(r, ρ; m̄, f̄),

EP {(V̂h − VP )
2 | D0} ≤ C{ρ2 + r2h4 + (nhd)−1 + n−1}.

With (nr2)−1/(d+4) = ∞ when r = 0, set

hn,r = h0 ∧ ch(nr2)−1/(d+4). (3.11)

If ρ2 ≤ CρRn,d(r), then

sup
P∈Pθ(r,ρ;m̄,f̄)

EP {(V̂hn,r − VP )
2 | D0} ≤ C ′Rn,d(r).

For d = 1, this becomes
n−1 ∨ n−4/5r2/5.

The risk is on the nonparametric branch when r ≫ n−1/2 and is of order n−1 when r ≲ n−1/2.

For random references, the theorem applies on the event that the product, Hessian, and moment
bounds hold. High-probability membership gives a conditional OP risk bound. An unconditional
MSE bound further requires uniform integrability or truncation on the complement. The bandwidth
in (3.11) uses a valid upper bound on r; choosing it when r is unknown is a separate adaptation
problem.

Remark (Why pointwise curvature is insufficient). With a known treatment density, no covariates,
θ = 0, and g(a) = a41, ∇2g(0) = 0, but kernel smoothing has nonzero bias of order h4. Signed
averaging over X gives further counterexamples. Thus a pointwise expected Hessian cannot imply
a uniform rh2 bound. One needs local absolute control such as (3.7), or a directly stated integrated
modulus.

3.4 Minimax bounds

We begin with an explicit regression model. Let b : [−1, 1]d → R be known, bounded, and continuous,
and define each u ∈W 2,∞([−1, 1]d) by its unique C1,1 representative, so that every point evaluation
below is unambiguous. Set

H2,d(r,M) =
{
u ∈W 2,∞([−1, 1]d) : ∥u∥∞ ≤M, ∥∇u∥∞ ≤M,

∥∇2u∥op,∞ ≤ r
}
.

Take θ ≡ 0, fix h0 ∈ (0, 1), and let Qd(r; b) contain the laws

X ≡ 0, A ∼ Unif([−1, 1]d), Y = b(A) + u(A) + ε, ε ∼ N(0, σ2), (3.12)

where u ∈ H2,d(r,M) and ε is independent of A. The target is VP = b(0) + u(0).
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Theorem 3.7 (Reference-assisted minimax rate). Fix d ≥ 1, M > 0, σ > 0, 0 ≤ rmax < ∞, and
the known function b. There are constants 0 < c < C <∞ and n0 such that, for every n ≥ n0 and
every possibly n-dependent r ∈ [0, rmax],

cRn,d(r) ≤ inf
Ṽ

sup
P∈Qd(r;b)

EP (Ṽ − VP )
2 ≤ CRn,d(r). (3.13)

The infimum is over all estimators based on n observations and allowed to know b, r,M, σ, and d.
The upper bound is attained up to constants by (2.1) with m̄ = b, the known treatment density, and
h ≍ h0 ∧ (nr2)−1/(d+4).

Theorem 3.7 uses a known reference to isolate the remaining regression error. We next define
the reference from the law itself. Let

B = span{ϕ1, . . . , ϕq}, ϕ1 ≡ 1,

where q is fixed, each component of ϕ has an absolutely continuous treatment gradient along line
segments in the policy neighborhood, and ϕ, ∇aϕ, and a jointly measurable ∇2

aϕ are uniformly
bounded. Set

GP = EP {ϕ(A,X)ϕ(A,X)⊤}, βP = G−1
P EP {ϕ(A,X)Y },

and
uP (a, x) = mP (a, x)− ϕ(a, x)⊤βP .

Let PB(r) be the collection of laws satisfying Assumption 3.1 with common constants and with a
known treatment density. For PX -almost every x, require uP (·, x) to have an absolutely continuous
treatment gradient along policy-neighborhood line segments and a jointly measurable Hessian. Re-
quire the eigenvalues of GP to lie in [λ,Λ], ∥βP ∥ ≤M , and uP and ∇auP to be uniformly bounded.
In addition, assume

sup
∥v∥∞≤h0

EP ∥∇2
auP {θ(X) + v,X}∥2F ≤ r2. (3.14)

Assume also that ϕ(A,X){Y − ϕ(A,X)⊤βP } is uniformly sub-Gaussian.
On a pilot sample of size N , let

Ĝ = N−1
N∑
i=1

ϕiϕ
⊤
i , ŝ = N−1

N∑
i=1

ϕiYi,

and define stabilized least squares by

β̂ =

{
Ĝ−1ŝ, λmin(Ĝ) ≥ λ/2,

0, otherwise.

Theorem 3.8 (Population-projection residual class). Use m̄(a, x) = ϕ(a, x)⊤β̂ and evaluate (2.1)
on an independent sample of size n. For every 0 < h ≤ h0, uniformly over PB(r),

EP (V̂h − VP )
2 ≤ C{(r2 +N−1)h4 + (nhd)−1 + n−1}. (3.15)

If N ≍ n, the choice
h = h0 ∧ c{n(r2 +N−1)}−1/(d+4)
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gives an upper bound CRn,d(r). Fix 0 ≤ rmax < ∞. Suppose there is an x0 such that θ(x0) +
[−h0, h0]d ⊂ (−1, 1)d and

2−d

∫
[−1,1]d

ϕ(a, x0)ϕ(a, x0)
⊤da

is positive definite. If N ≍ n, then, uniformly for possibly n-dependent r ∈ [0, rmax] and all suffi-
ciently large n,

inf
Ṽ

sup
P∈PB(r)

EP (Ṽ − VP )
2 ≍ Rn,d(r),

where the infimum is over estimators based on the combined samples.

The regression may have order-one curvature in B; only its population-projection residual is
restricted by r. The class is therefore defined by P , not by an externally supplied reference.

3.5 Higher smoothness and the minimax perspective

Corollary 3.9 (Transfer of a derivative-learning rate). Suppose N ≍ n and, on events whose
probabilities tend to one, the fitted references satisfy

Cθ(P ; m̄N , f̄N ) ≤ Cn−(α−2)/(2α+d), α > 2,

the product error satisfies
B2

0,P = OP {n−2α/(2α+d)},

and the uniform moment conditions hold. Then the conditional MSE of the second-order kernel
estimator with (3.11) is

OP {n−2α/(2α+d)}.

The corollary assumes rather than derives the derivative-learning rate. With unrestricted con-
tinuous covariates, the rate depends on dimension, smoothness, sparsity, or other structure; adap-
tation to unknown α is separate. The conclusion is that a second-order localization step can inherit
a higher-order first-stage rate without requiring a higher-order kernel.

Classical minimax theory measures worst-case risk over a fixed function class (Stone, 1980, 1982;
Tsybakov, 2009). For a multi-stage estimator, however, an absolute Hölder ball need not describe
the difficulty remaining after the first stage. Here the final bias is governed by the Hessian of
(m̄ − mP )fP /f̄ , not by that of mP . The matching bounds identify this curvature radius as the
relevant one for the stated classes, in the spirit of local and constrained risk analysis (Brown and
Low, 1996).

When r is bounded away from zero, (3.10) recovers the classical second-order exponent. As r
shrinks, the rate improves until it reaches the parametric floor. Thus n−4/(d+4) is the fixed-radius
case, not a restriction imposed by the second-order kernel. This conclusion refines the criterion
while leaving the classical fixed-class result intact.

3.6 Conditional limit theory

For inference, allow the law Pn, pilot D0,n, references (m̄n, f̄n), and bandwidth hn to vary with n.
Let Vn = VPn(θ) and define

qn(v,X) =
fPn{θ(X) + v | X}
f̄n{θ(X) + v | X}2

× EPn

(
[Y − m̄n{θ(X) + v,X}]2 | A = θ(X) + v,X

)
, (3.16)
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and Γn = EPn{qn(0, X)}. The conditional second moment in (3.16) is a designated jointly measur-
able regular version; all variance-continuity statements below refer to that version.

Theorem 3.10 (Shrinking-bandwidth conditional CLT and studentization). Suppose Assumptions
3.1–3.3 hold with probability tending to one over the pilot, with common constants. Assume

hn ↓ 0, nhdn −→ ∞, Γn −→P Γ ∈ (0,∞),

and the local variance-continuity condition∫
K(u)2EPn |qn(hnu,X)− qn(0, X)| du −→P 0. (3.17)

Then, with βn,hn denoting the exact conditional bias,

sup
z∈R

∣∣∣∣∣PPn

(√
nhdn(V̂hn − Vn − βn,hn)√

RKΓn
≤ z

∣∣∣∣∣D0,n

)
− Φ(z)

∣∣∣∣∣ −→P 0. (3.18)

If the moment condition (3.1) also holds with p = 4 + η, define

Ω̂n = hdn
1

n

n∑
i=1

{ψhn(Zi; m̄n, f̄n)− V̂hn}2. (3.19)

Then, for every ε > 0,

PPn

(∣∣∣∣∣ Ω̂n

RKΓn
− 1

∣∣∣∣∣ > ε

∣∣∣∣∣D0,n

)
−→P 0,

and (3.18) remains true with RKΓn replaced by Ω̂n.
If Theorem 3.4’s Hessian conditions hold, the exact bias may be replaced by

B0,n − h2n
2

tr(MKH2,n)

provided √
nhdn h

2
nω2,n(hn) −→P 0. (3.20)

It may be omitted if Cθ(Pn; m̄n, f̄n) ≤ rn with probability tending to one and√
nhdn{|B0,n|+ rnh

2
n} −→P 0. (3.21)

At an MSE-optimal bandwidth, smoothing bias is generally of the same order as the standard
error. A confidence interval centered at Vn therefore requires undersmoothing, consistent bias
estimation, or bias correction. On the parametric branch, the optimal bandwidth is bounded away
from zero and the normalization changes accordingly.

Theorem 3.11 (Fixed-bandwidth conditional CLT). Suppose hn → h⋆ ∈ (0, h0] and, conditional
on the pilot,

σ2n = VarPn{ψhn(Z; m̄n, f̄n) | D0,n} −→P σ2⋆ ∈ (0,∞).

If, for some η > 0,
EPn

[
|ψhn − EPn(ψhn | D0,n)|2+η | D0,n

]
= OP (1),

12



then the conditional distribution of
√
n(V̂hn − Vn − βn,hn)

σn

converges in probability to N(0, 1). The ordinary sample variance of the estimating functions is ratio
consistent for σ2n. Centering at Vn requires

√
n |βn,hn | →P 0. Thus a curvature radius and product

error both of order n−1/2 can give parametric MSE, whereas centered root-n inference without bias
correction requires total bias o(n−1/2).

3.7 Stochastic equicontinuity and estimated first stages

Estimated references place the problem within the econometric theory of generated regressors and
semiparametric two-step estimation (Pagan, 1984; Newey, 1991; Andrews, 1994; Newey, 1994; Newey
and McFadden, 1994; Mammen et al., 2012). Two forms of stochastic equicontinuity have distinct
roles. The first controls treatment derivatives of the realized first-stage error; the second controls
the empirical process after the nuisance functions have been fitted.

For the first, let the pilot size be N , allow (m̄N , f̄N ) to be random, and define

HN,P (v)(x) = ∇2
agN,P {θ(x) + v, x}, v ∈ [−h0, h0]d,

with ∥H∥P,1 = EP ∥H(X)∥op.

Assumption 3.12 (Rate-normalized stochastic equicontinuity). For a deterministic sequence rN >
0:

(a) for every fixed v ∈ [−h0, h0]d, ∥HN,P (v)∥P,1 = OP (rN );

(b) for every ε > 0,

lim
δ↓0

lim sup
N→∞

PP

 sup
v,w∈[−h0,h0]d

∥v−w∥∞≤δ

∥HN,P (v)−HN,P (w)∥P,1
rN

> ε

 = 0.

Lemma 3.13 (Uniform curvature control). Under Assumption 3.12,

sup
∥v∥∞≤h0

∥HN,P (v)∥P,1 = OP (rN ),

and therefore Cθ(P ; m̄N , f̄N ) = OP (rN ).

Normalization by rN is essential: ordinary stochastic equicontinuity gives only an unscaled oP (1)
statement. For a single bandwidth sequence, the weaker local conditions

∥HN,P (0)∥P,1 = OP (rN ), sup
∥v∥∞≤hn

∥HN,P (v)−HN,P (0)∥P,1 = OP (rN )

suffice at hn, but not uniformly over the fixed neighborhood. A random Hölder condition with
exponent γ and constant LN is sufficient locally when LNh

γ
n = OP (rN ).

The second form concerns the empirical process. An independent pilot removes this issue from
Theorem 3.10; cross-fitting or same-sample estimation restores it. For η = (m, f), write ψh,η for the
estimating function in (2.1) and ηP = (mP , fP ).
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Partition the observations into a fixed number J of folds Ij , with nj/n → πj ∈ (0, 1), and fit
η̂−j without fold Ij . Let

V̂cf =
J∑

j=1

nj
n
Pn,jψhn,η̂−j

, βn =
J∑

j=1

nj
n
{Pnψhn,η̂−j

− Vn}.

Theorem 3.14 (Cross-fitted oracle approximation). Suppose the oracle estimating function ψhn,ηPn

satisfies the local variance, moment, and bandwidth conditions of Theorem 3.10. For Gn,j =√
nj(Pn,j − Pn), assume

max
j≤J

√
hdn
∣∣Gn,j{ψhn,η̂−j

− ψhn,ηPn
}
∣∣ = oP (1). (3.22)

Then √
nhdn(V̂cf − Vn − βn)√

Ω0,n

d−→ N(0, 1),

where
Ω0,n = RKEPn

[
VarPn(Y | A = θ(X), X)

fPn{θ(X) | X}

]
−→ Ω0 ∈ (0,∞).

A sufficient foldwise condition for (3.22) is

max
j≤J

hdnPn{ψhn,η̂−j
− ψhn,ηPn

}2 = oP (1), (3.23)

because each held-out fold is independent of its own nuisance fit. Under the oracle version of (3.1)
with p = 4 + η, define

Ω̂cf = hdn

J∑
j=1

nj
n
Pn,j{ψhn,η̂−j

− V̂cf}2.

Then (3.23) also gives Ω̂cf/Ω0,n →P 1. Centering the cross-fitted statistic directly at Vn requires√
nhdn |βn| −→P 0,

or a foldwise bias correction that removes βn to this order.

Alternatively, (3.22) follows by a Newey-style argument over deterministic nuisance sets contain-
ing the fitted functions with probability tending to one. Cross-fitting does not make the fold-specific
terms conditionally independent; it produces a common oracle term and a negligible remainder. Nor
does sample splitting imply Assumption 3.12, which controls the treatment Hessian of

(m̄N −mP )fP /f̄N

and supplies the additional first-stage condition behind the faster rate. Bounded derivatives of the
population law alone do not control derivatives of a fitted learner.

4 Policy learning and pricing interpretation

The multivariate formulation has two immediate consequences. Uniform value control yields regret
bounds for finite policy classes, while the curvature term has a direct economic interpretation in
pricing problems.
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4.1 A finite-policy regret bound

Let Θ be a finite collection of deterministic policies and define

θ∗ ∈ argmax
θ∈Θ

VP (θ), θ̂ ∈ argmax
θ∈Θ

V̂h(θ).

Fix a deterministic rule for breaking ties in both optimizations. The elementary reduction

VP (θ
∗)− VP (θ̂) ≤ 2 sup

θ∈Θ
|V̂h(θ)− VP (θ)| (4.1)

turns uniform value estimation into a regret bound. The linear term in Bernstein’s inequality is
retained because the local effective sample size may be small.

Proposition 4.1 (Finite-policy Bernstein bound). Condition on an auxiliary sample, so that (m̄, f̄)
are fixed, and let 0 < h ≤ h0 ∧ 1. Suppose the assumptions used for Theorem 3.6 hold uniformly
over θ ∈ Θ, with

sup
θ∈Θ

|B0,P (θ)| ≤ ρ, sup
θ∈Θ

Cθ(P ; m̄, f̄) ≤ r.

Suppose also that
|m̄{θ(X), X}| ≤M0

almost surely, and, on {Kh{A− θ(X)} ̸= 0},

|Y − m̄(A,X)| ≤M1, f̄(A | X) ≥ f,

uniformly over θ ∈ Θ. Then there are constants Cv, Cb < ∞, depending only on M0,M1, f , f , and
K, such that, for every 0 < δ < 1, with conditional probability at least 1− δ,

VP (θ
∗)− VP (θ̂) ≤ 2ρ+ L2,Krh

2 + 2

√
2Cv log(2|Θ|/δ)

nhd

+
2Cb log(2|Θ|/δ)

3nhd
. (4.2)

Consequently, for a universal constant C and L = log(2|Θ|),

EP

[
VP (θ

∗)− VP (θ̂) | D0

]
≤ 2ρ+ L2,Krh

2 + C

{√
CvL

nhd
+
CbL

nhd

}
. (4.3)

If L/(nhd) ≤ 1 and the bandwidth is chosen, up to fixed constants, as

h = (h0 ∧ 1) ∧
(
L

nr2

)1/(d+4)

,

with the second term interpreted as infinity when r = 0, then

EP

[
VP (θ

∗)− VP (θ̂) | D0

]
≤ C ′

[
ρ+

{√
L

n
∨
(
L

n

)2/(d+4)

rd/(d+4)

}]
, (4.4)

where C ′ may also depend on h0 and the fixed problem constants and kernel.

Appendix A.7 proves the result, including the integrated tail bound and the two cases induced
by bandwidth truncation.

For infinite policy classes, entropy or another empirical-process argument must replace the union
bound. With cross-fitted nuisances one also needs the oracle approximation of Theorem 3.14: sample
splitting by itself does not control curvature uniformly over policies.
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4.2 Pricing and the kernel moment matrix

For a scalar price p, let qP (p, x) be demand and mP (p, x) = pqP (p, x) be expected revenue. When-
ever mP (p, x) > 0, own-price elasticity satisfies

ε(p, x) = −p ∂pqP (p, x)
qP (p, x)

= 1− p ∂pmP (p, x)

mP (p, x)
,

while
∂2pmP (p, x) = 2∂pqP (p, x) + p∂2pqP (p, x)

describes the local change in marginal revenue. Thus, after the density-ratio weighting in (3.2), the
radius in Theorem 3.6 measures local error in price sensitivity. It can therefore be read in terms of
demand curvature and elasticity (den Boer, 2015; Guelman and Guillén, 2014).

For a vector of prices A = (p1, . . . , pd) and product demands qPj(A, x),

mP (A, x) =

d∑
j=1

pjqPj(A, x).

For k ̸= ℓ,

∂2pkpℓmP (A, x) = ∂pℓqPk(A, x) + ∂pkqPℓ(A, x) +
d∑

j=1

pj∂
2
pkpℓ

qPj(A, x),

so mixed Hessian entries describe error in substitution and cross-price responses. The leading
smoothing term is

−h
2

2
tr(MKH2,P ).

For a symmetric product kernel, MK = κId, so only diagonal Hessian entries enter this leading
scalar bias. Mixed derivatives still affect the operator-norm radius, and enter the leading bias itself
when MK has off-diagonal entries. The kernel moment matrix therefore determines the smoothing
geometry for joint pricing (Reibstein and Gatignon, 1984).

5 Numerical experiments

The experiments examine the finite-sample implications of the realized-action correction. Its leading
smoothing bias is governed by the interaction of the outcome-regression and conditional-density
errors, suggesting both smaller bias and less sensitivity to bandwidth when that interaction is
locally flat. Writing

m0(a, x) = E[Y | A = a,X = x], V (θ) = E[m0{θ(X), X}] ,

we compare the realized-action estimator, denoted TR in the original code and figures, with inverse
probability weighting (IPW), the estimator of Colangelo and Lee (2026) (CL), and a vectorized
implementation of the local-linear estimator of Kennedy et al. (2017) (KMMS-I).

Two designs serve different purposes. Controlled simulations expose the bias–variance tradeoff
with one- and ten-dimensional covariates; a poor-overlap variant serves as a negative control. A
semi-synthetic pricing study based on JD.com records places the estimators downstream of learned
neural policies. Its candidate policy uses an entropy-regularized adaptive-KL objective inspired by
proximal policy optimization (PPO) (Schulman et al., 2017). This is one-step continuous-action
policy optimization, not a benchmark in sequential deep reinforcement learning.
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5.1 Common implementation

In the controlled simulations, random forests estimate both the outcome regression and the con-
ditional action mean. A Gaussian kernel estimate of the action-error distribution then yields the
conditional treatment density. Five-fold cross-validation uses the grids in Appendix B.2.2, and all
methods share the same nuisance estimates within a design. The appendix supplies pseudocode,
full tuning specifications, and the remaining figures.

5.2 Controlled simulations

5.2.1 Design

Each simulation uses N1 = 500 training observations and N2 = 500 evaluation observations. Each
setting has five parallel runs with 20 bootstrap replications per run. We report absolute bias and
root mean-squared error (RMSE) over the recorded replications and bandwidth grid.

The one-dimensional design uses

m0(Z,A) = 4 sin(Z)− 4 sin(A) + (A− 4π)2,

whereas the ten-dimensional covariate design uses

m0(Z,A) =
2

5

10∑
j=1

sin(Zj)− 4 sin(A) +
1

2
(A− 10π)2.

Both response functions are smooth and nonlinear, with nonzero action curvature that makes
smoothing bias visible. Appendix B.2 specifies the covariate distributions and the behavior and
target rules.

5.2.2 Overlap

Figures 1 and 2 display the one-dimensional favorable-overlap design. The target lies largely in
regions of appreciable behavior-policy density, although the local effective sample size varies with
the covariate.
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Figure 1: One-dimensional favorable-overlap design: empirical joint distribution of the context and
logged action, together with the target pricing rule.

Figure 2: One-dimensional favorable-overlap design: behavior-policy action bands (blue) and target
rule (red). The target lies within the central behavior-policy bands over much of the covariate range.
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5.2.3 Estimator performance

Figures 3–6 report RMSE and absolute bias as functions of bandwidth. IPW is omitted from these
four panels because its errors are much larger on the displayed scale; the complete four-estimator
figures appear in Appendix B.2.5.

Figure 3: One-dimensional favorable-overlap simulation: RMSE versus bandwidth for TR, CL, and
KMMS-I. Stars mark the minimum over the displayed grid. TR attains the lowest minimum and
remains near it over a comparatively broad range of bandwidths.

Figure 4: Absolute bias in the one-dimensional favorable-overlap simulation. The TR curve grows
more slowly over the bandwidth range in which its RMSE remains near the minimum.
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Figure 5: Ten-dimensional favorable-overlap simulation: RMSE versus bandwidth for TR, CL, and
KMMS-I. Stars mark the minimum over the displayed grid. TR has the lowest displayed minimum
and a comparatively broad low-RMSE region.

Figure 6: Absolute bias in the ten-dimensional favorable-overlap simulation. Over the reported grid,
TR tolerates more smoothing before bias rises sharply.

In both favorable-overlap designs, TR has the lowest reported minimum RMSE and a relatively
flat curve near its minimum. This is consistent with the exact bias formula: when first-stage learning
leaves a lower-curvature error than the outcome surface, more local observations can be used before
smoothing bias dominates. The figures illustrate this mechanism but do not establish an optimal
data-driven bandwidth rule.
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5.2.4 Poor overlap

The poor-overlap design moves the target away from the support of the behavior policy. Table 1
reports the best value on the same bandwidth grid.

Method RMSE Bias Bandwidth at minimum
TR 980.758 939.354 7.945
CL 980.774 939.366 4.621
IPW 1238.831 1206.441 7.945
KMMS-I 1084.013 978.716 4.417

Table 1: Poor-overlap simulation: minimum RMSE and corresponding absolute bias and bandwidth
over the reported grid. All four methods have very large errors; TR and CL are essentially tied.

This is a negative control. TR and CL differ by only 0.016 in RMSE and 0.012 in bias, and every
method is severely inaccurate. No debiasing formula can compensate for absent support. Appendix
B.2.6 gives the behavior-policy action bands and the complete RMSE and bias curves.

5.3 JD.com-based semi-synthetic pricing study

5.3.1 Data and policy-learning pipeline

The pricing study uses the March 2018 JD.com E-Commerce Data Challenge records (Shen et al.,
2020). After filtering the focal SKU to the stated price range, the pipeline retains 773 distinct user–
context–price combinations. It preserves the observed contexts and prices, fits an OLS outcome
model, and repeatedly synthesizes outcomes so that the policy value is known for RMSE and bias
calculations. Appendix B.3 records the feature engineering, price filtering, outcome construction,
and repeated-sampling procedure.

Gaussian behavior and candidate policies have context-dependent means and variances, repre-
sented by fully connected networks for the mean and log standard deviation. Gaussian likelihood
fits the behavior policy. The candidate policy maximizes importance-weighted revenue subject to
an entropy bonus and an adaptive KL penalty toward the fitted behavior policy. Training stops only
after validation revenue has improved by at least 2% and normalized validation effective sample size
is at least 0.92. These are optimization and overlap criteria, not claims about deployed revenue.
Appendix B.3 gives the objective, KL controller, tuning grids, and optimization parameters.

The neural module supplies a data-adaptive continuous-action policy for the evaluation pipeline.
The value estimators use its conditional-mean rule θ(x) = µ̂θ(x); the fitted scale is used during
policy training and overlap control. The theory treats this final rule as fixed and does not analyze
the preceding neural optimization.

5.3.2 Estimator comparison

The 800 outcome-generation draws described in the appendix are used to construct the policy-
training stage. The value-estimation stage then contains ten repetitions at n = 10,000, 50,000,
100,000, and 200,000. Adaptive KL regularization limits weight concentration, a concern made
explicit by the poor-overlap simulation.

At n = 10,000, CL has the lower minimum RMSE (2.293 versus 5.670 for TR). TR has the
lowest minimum at each larger sample size: 2.598 versus 2.834 at n = 50,000, 2.436 versus 2.804
at n = 100,000, and 2.091 versus 2.352 at n = 200,000. Relative to CL, these are reductions of
8.3%, 13.1%, and 11.1%, respectively. KMMS-I and IPW have substantially larger minimum RMSE
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Sample size TR CL KMMS-I IPW
10k 5.670 2.293 21.949 13.524
50k 2.598 2.834 22.188 9.325
100k 2.436 2.804 22.259 9.823
200k 2.091 2.352 22.129 10.279

Table 2: Minimum RMSE over the displayed bandwidth grid in the JD.com-based semi-synthetic
pricing study. Lower is better; bold marks the minimum within each sample size.

Figure 7: JD.com-based semi-synthetic pricing study, n = 200,000: RMSE versus bandwidth for
TR and CL. Stars mark the minimum over the displayed grid. TR attains 2.091, compared with
2.352 for CL, and remains competitive over a broader bandwidth range. KMMS-I and IPW are
reported in the appendix.

throughout. At n = 200,000, Figures 7 and 8 also show a broader competitive bandwidth range and
lower bias for TR at its RMSE-minimizing bandwidth. The recorded evidence therefore suggests a
tuning advantage at the three larger sample sizes, not uniform finite-sample dominance.
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Figure 8: Absolute bias in the same JD.com-based semi-synthetic experiment. Stars identify each
estimator’s RMSE-minimizing bandwidth. At those choices, TR has lower bias than CL.
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6 Conclusion

The central point is that a continuous-treatment augmentation should be constructed at the real-
ized action and paired with a curvature-adaptive bandwidth. The estimator evaluates the learned
outcome surface at the policy action, but constructs the outcome error and inverse-density weight
at A before localization. Conditional on the first stage, smoothing therefore acts on (m̄−mP )fP /f̄ ,
rather than on mP . The curvature of this remaining error, together with the product error, deter-
mines the bandwidth and the attainable accuracy. Over the reference-assisted classes considered
here, the minimax mean-squared error is

n−1 ∨ n−4/(d+4)r2d/(d+4),

and the paper gives matching upper and lower bounds for explicit known- and estimated-reference
models.

This result refines, rather than displaces, classical nonparametric theory. Fixed curvature re-
covers the usual second-order rate. Faster rates arise only when the first stage leaves a shrinking
error class. If an α-smooth learner, α > 2, controls its Hessian at the corresponding derivative
rate, a second-order outer kernel attains the α-smooth rate. Such a transfer requires derivative
control, product error, overlap, and enough structure to obtain the asserted first-stage rates; it is
not automatic adaptation, nor a minimax claim for an unrestricted dose-response model.

The inference results preserve this separation. Under the stated score-equicontinuity condition,
fitted references may be replaced by their oracle counterparts in the centered empirical process;
rate-normalized equicontinuity controls the learned Hessian uniformly. Under the stated moment
and variance conditions, the resulting conditional central limit theorems cover both shrinking and
fixed bandwidths and permit feasible studentization and cross-fitted oracle approximation. Exact
centering, undersmoothing, or bias correction is still required when smoothing bias is visible at the
inferential scale.

The experiments accord with these qualifications. TR has the smallest reported minimum RMSE
in the favorable-overlap simulations, but every method fails under poor overlap. In the JD.com-
based semi-synthetic study, CL is best at the smallest sample size and TR is best from 50,000
observations onward. The semi-synthetic pipeline uses PPO-inspired one-step neural policy opti-
mization. Across the designs, overlap and bandwidth remain consequential even when the leading
smoothing bias is reduced.

Several questions remain. Selecting the bandwidth from an unknown curvature radius requires
uniform control of the selection step. Inference over rich policy classes requires process-level rather
than fixed-policy approximations. A broader account of first-stage learners satisfying derivative
equicontinuity, and of minimax behavior beyond the structured reference-assisted models, is also
open.
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A Proofs and supporting calculations

Expectations and probabilities are taken under the law in the corresponding result. When the refer-
ence functions are fitted on an auxiliary sample, we first condition on that sample. The references
are then fixed and the evaluation observations are independent and identically distributed.

A.1 Exact bias and finite-sample risk

Proof of Theorem 3.4. Put t = θ(X). The local second-moment assumption and Cauchy–
Schwarz justify Fubini’s theorem below. Conditional on A = a and X, the outcome error in the
estimating function has meanmP (a,X)−m̄(a,X) = −∆P (a,X). Thus, after the change of variables
a = t+ hu,

Pψh − VP = EP {∆P (t,X)} − EP

[∫
K(u)∆P (t+ hu,X)

fP (t+ hu | X)

f̄(t+ hu | X)
du

]
= EP {∆P (t,X)} − EP

[∫
K(u)gP (t+ hu,X) du

]
.

Since
∆P (t,X)− gP (t,X) = ∆P (t,X)δP (t,X),

adding and subtracting EP {gP (t,X)} proves (3.3) and (3.4).
For the expansion, absolute continuity of the gradient along line segments gives, for almost every

X and every u in the support of K,

gP (t+ hu,X) = gP (t,X) + h∇agP (t,X)⊤u

+ h2
∫ 1

0
(1− s)u⊤∇2

agP (t+ shu,X)u ds. (A.1)

The Hessian integrability condition permits integration of this identity. The linear term vanishes
because

∫
uK(u) du = 0. Add and subtract ∇2

agP (t,X) in the last line of (A.1). The non-remainder
part is

−h
2

2
EP

[∫
K(u)u⊤∇2

agP (t,X)u du

]
= −h

2

2
EP

[
tr{MK∇2

agP (t,X)}
]

= −h
2

2
tr(MKH2,P ).

The remainder is exactly

RP,h = −h2EP

[∫
K(u)

∫ 1

0
(1− s)u⊤

{
∇2

agP (t+ shu,X)−∇2
agP (t,X)

}
u ds du

]
. (A.2)

Because ∥shu∥∞ ≤ h,

|RP,h| ≤ h2
∫

|K(u)|∥u∥22 du
∫ 1

0
(1− s) ds ω2,P (h)

=
L2,Kh

2

2
ω2,P (h),

which proves (3.6).
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Applying the fundamental theorem of calculus to the Hessian gives

∥∇2
agP (t+ v,X)−∇2

agP (t,X)∥op ≤ ∥v∥2 sup
∥w∥∞≤h0

∥∇3
agP (t+ w,X)∥op.

Hence, under Euclidean operator norms, ω2,P (h) ≤
√
d hM3,P . If the trilinear norm is induced by

∥ · ∥∞, the factor
√
d is absent. Since d is fixed, either convention gives the asserted order. □

Proof of Corollary 3.5. The integral Taylor identity (A.1), used without subtracting the Hessian
at t, yields

|βP,h| ≤ |B0,P |+
L2,K

2
rh2. (A.3)

Indeed, the expectation of the Hessian norm at every displacement shu is at most r by (3.7).
Write

U = m̄{θ(X), X}, Wh =
Kh{A− θ(X)}

f̄(A | X)
{Y − m̄(A,X)}.

The moment assumption gives EP (U
2) ≤ C. A change of variables and (3.1) with p = 2 give

EP (W
2
h ) = h−d

∫
K(u)2EPX

[
fP (t+ hu | X)

f̄(t+ hu | X)2
EP {(Y − m̄)2 | A = t+ hu,X}

]
du

≤ Ch−d. (A.4)

It follows that VarP (ψh | D0) ≤ C(1 + h−d). Since the evaluation observations are conditionally
independent,

EP {(V̂h − VP )
2 | D0} = β2P,h +

1

n
VarP (ψh | D0).

Combining this equality with (A.3) and (A.4) proves (3.8). □

Proof of Theorem 3.6. Corollary 3.5, uniformly over the class in (3.9), gives the first display.
It remains to evaluate the chosen bandwidth. If the minimum in (3.11) is attained by its second
argument, then

r2h4n,r ≍ n−4/(d+4)r2d/(d+4),

(nhdn,r)
−1 ≍ n−4/(d+4)r2d/(d+4).

If the bandwidth is capped at h0, then nr2 is bounded by a constant depending only on h0 and ch.
Hence r2h40 = O(n−1) and (nhd0)

−1 = O(n−1). The assumed bound on ρ2 completes the proof. □

A.2 Conditional limit theory

Proof of Theorem 3.10. Let Fn = σ(D0,n). On the event on which the stated uniform conditions
hold, define

Un = m̄n{θ(X), X}, Wn =
Khn{A− θ(X)}

f̄n(A | X)
{Y − m̄n(A,X)},

so that ψn = Un + Wn. All expectations in the rest of this proof are conditional on Fn unless
otherwise indicated.

We first compute the conditional variance. A change of variables gives

hdnE(W 2
n | Fn) =

∫
K(u)2EPn{qn(hnu,X) | Fn} du. (A.5)
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By (3.17), the right-hand side is RKΓn + oP (1). Moreover, E(U2
n | Fn) = OP (1) and E(W 2

n | Fn) =
OP (h

−d
n ). Cauchy–Schwarz therefore shows that the contribution of Un, including its covariance

with Wn, is oP (1) after multiplication by hdn. Also E(|Wn| | Fn) = OP (1), by Cauchy–Schwarz, the
localized p = 2 bound, and the uniform upper bound on fPn . Therefore E(ψn | Fn) = OP (1) and

hdnσ
2
n := hdnVar(ψn | Fn) = RKΓn + oP (1). (A.6)

Thus, with probability tending to one, the conditional variance is bounded above and below by
positive multiples of h−d

n .
Let p = 2 + η and ξni = ψn(Zi)− E(ψn | Fn). The localized pth-moment calculation is

E(|Wn|p | Fn) = h−d(p−1)
n

∫
|K(u)|pEPn,X

[
fPn(t+ hnu | X)

f̄n(t+ hnu | X)p
EPn{|Y − m̄n|p | A = t+ hnu,X}

]
du

≤ Ch−d(1+η)
n .

Together with the moment bound on Un, this yields

E(|ξni|2+η | Fn) ≤ C{1 + h−d(1+η)
n }. (A.7)

For the row of n conditionally independent variables, the Lyapunov ratio is therefore∑n
i=1 E(|ξni|2+η | Fn)

{nσ2n}1+η/2
≤ C

nh
−d(1+η)
n

(nh−d
n )1+η/2

+ oP (1)

≤ C(nhdn)
−η/2 + oP (1) −→P 0.

The conditional Lyapunov theorem and (A.6) give√
nhdn(Pn − Pn)ψn√

RKΓn
=⇒ N(0, 1) conditionally in probability.

Because Pnψn = Vn + βn,hn , this is (3.18). For completeness, consider any subsequence and then
a further subsequence along which the variance and Lyapunov relations hold almost surely. For
almost every realization of the pilot, the deterministic triangular-array theorem applies along this
further subsequence. Continuity of the normal cdf makes the cdf convergence uniform in z. The
subsequence characterization of convergence in probability proves the conditional claim.

We next prove consistency of (3.19). Let W̃n = Wn − E(Wn | Fn) and Ũn = Un − E(Un | Fn).
The strengthened local moment condition supplies the required fourth moment. With p4 = 4 + η
and

Ln(u,X) =
fPn(t+ hnu | X)

f̄n(t+ hnu | X)p4
EPn{|Y − m̄n|p4 | A = t+ hnu,X},

conditional Jensen’s and Hölder’s inequalities imply

EPn,X

[
fPn(t+ hnu | X)

f̄n(t+ hnu | X)4
EPn{|Y − m̄n|4 | A = t+ hnu,X}

]
≤ EPn,X

[
Ln(u,X)4/p4fPn(t+ hnu | X)1−4/p4

]
≤ C.

The last inequality uses the localized p4 bound and the uniform upper bound on fPn . A change of
variables, boundedness of K, and the usual centering inequality give

E(W̃ 4
n | Fn) = OP (h

−3d
n ).
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Consequently,

Var
{
hdnPnW̃

2
n | Fn

}
≤ h2dn

n
E(W̃ 4

n | Fn) = OP {(nhdn)−1} = oP (1).

The original (2+ η) bound on Un gives hdnPnŨ
2
n = oP (1), by Markov’s inequality. The cross term is

oP (1) by the empirical Cauchy–Schwarz inequality. It follows that

hdnPnξ
2
n = hdnσ

2
n + oP (1) = RKΓn + oP (1).

Moreover, hdn(Pnξn)
2 = OP (n

−1), so replacing the conditional mean by the sample mean does not
change the limit. Conditional Markov and Chebyshev inequalities in the preceding displays show,
for every ε > 0,

PPn

(∣∣∣∣∣ Ω̂n

RKΓn
− 1

∣∣∣∣∣ > ε

∣∣∣∣∣Fn

)
−→P 0.

The conditional Slutsky theorem yields studentization.
By (3.6), the error made by replacing the exact bias with the displayed second-order expansion

is at most L2,Kh
2
nω2,n(hn)/2. Condition (3.20) makes its normalized value negligible. Similarly,

(A.3) and (3.21) make the entire exact bias negligible when centering at Vn. These observations
prove the final assertions. □

Proof of Theorem 3.11. Condition on Fn and let ξni = ψhn(Zi) − Pnψhn . The conditional
Lyapunov ratio is

nE(|ξn1|2+η | Fn)

(nσ2n)
1+η/2

= OP (n
−η/2) = oP (1),

because σ2n converges in probability to a positive constant. The subsequence argument from the
preceding proof gives the conditional normal limit in probability.

To verify the sample variance, take q = 1+min(η, 2)/2 ∈ (1, 2]. Conditional on Fn, E|ξ2n1−σ2n|q =
OP (1). The von Bahr–Esseen inequality therefore gives

E
[∣∣Pn(ξ

2
n − σ2n)

∣∣q∣∣Fn

]
≤ Cn1−qOP (1) = oP (1).

Also (Pnξn)
2 = OP (n

−1). Hence the sample variance is σ2n + oP (1) and is ratio consistent. Since
Pnψhn = Vn + βn,hn , direct centering at Vn follows when

√
nβn,hn = oP (1). □

A.3 Two stochastic-equicontinuity arguments

Proof of Lemma 3.13. Let T = [−h0, h0]d. Fix ε > 0. Assumption 3.12(b) permits a fixed δ > 0
for which the probability that

sup
v,w∈T

∥v−w∥∞≤δ

∥HN,P (v)−HN,P (w)∥P,1 > εrN

is eventually as small as desired. Compactness gives a finite δ-net v1, . . . , vL of T . On the comple-
ment of the preceding event,

sup
v∈T

∥HN,P (v)∥P,1 ≤ max
1≤ℓ≤L

∥HN,P (vℓ)∥P,1 + εrN .

For this fixed finite set, part (a) and a union bound show that the maximum is OP (rN ). Letting the
tail probability and then ε decrease proves the first claim. The second follows from the definitions
of HN,P and Cθ. □
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Proof of Theorem 3.14. Write ψ0,n = ψhn,ηPn
and Dn,j = ψhn,η̂−j

− ψ0,n. By the definition of
βn,

V̂cf − Vn − βn = (Pn − Pn)ψ0,n +

J∑
j=1

nj
n
(Pn,j − Pn)Dn,j . (A.8)

The first term is one empirical average of the common oracle estimating function; no independence
assertion across fold-specific fitted functions is needed. Since ηPn = (mPn , fPn), its exact bias is
zero and its leading variance is

RKEPn

[
VarPn(Y | A = θ(X), X)

fPn{θ(X) | X}

]
= Ω0,n.

The shrinking-bandwidth CLT applied to this oracle term yields√
nhdn(Pn − Pn)ψ0,n√

Ω0,n

=⇒ N(0, 1).

After multiplication by
√
nhdn, the second term in (A.8) is

J∑
j=1

√
nj
n

√
hdnGn,jDn,j = oP (1)

by (3.22), because J is fixed. Slutsky’s theorem proves the first conclusion.
For the sufficient condition, condition on all observations outside fold Ij . The function Dn,j is

then fixed and the observations in Ij are independent of it. Hence

E
[
hdn{Gn,jDn,j}2

∣∣∣D−j

]
= hdnVarPn(Dn,j | D−j) ≤ hdnPnD

2
n,j = oP (1).

Conditional Chebyshev’s inequality, together with fixed J , proves (3.22).
Define the cross-fitted scaled sample variance by

Ω̂cf = hdn

J∑
j=1

nj
n
Pn,j{ψhn,η̂−j

− V̂cf}2.

The foldwise independence and (3.23) imply hdn
∑

j(nj/n)Pn,jD
2
n,j = oP (1). The empirical Cauchy–

Schwarz inequality then shows that replacing every fitted term in Ω̂cf by ψ0,n changes it by oP (1).
Under the stated fourth-moment condition, the variance-consistency calculation in the proof of
Theorem 3.10 applies to the oracle terms, giving Ω̂cf/Ω0,n →P 1. □

A.4 Reference-assisted minimax bounds

Proof of Theorem 3.7: upper bound. In model (3.12), take m̄ = b and f̄ = fP = 2−d. The
estimating function then equals

b(0) + 2dKh(A){u(A) + ε}.

Use the continuously differentiable representative of u. A W 2,∞ function has a Lipschitz gradient,
so the linewise integral Taylor identity applies. Kernel centering bounds the absolute bias by CKrh

2;
boundedness of u and Gaussianity of the noise bound the variance by C(1 + h−d)/n. Choose

h = h0 ∧ c(nr2)−1/(d+4),

with the second term interpreted as infinity at r = 0. The calculation in the proof of Theorem 3.6
gives the upper bound CRn,d(r) uniformly for 0 ≤ r ≤ rmax.
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Proof of Theorem 3.7: lower bound. We use two pairs of Gaussian regression models. For
the parametric component, let u±(a) = ±c0n−1/2. For all sufficiently large n, both functions belong
to H2,d(r,M) for every r ≥ 0. Their target values differ by 2c0n

−1/2, while their n-observation
Kullback–Leibler divergence is 2c20/σ

2. Taking c0 sufficiently small, Le Cam’s two-point inequality
gives the lower bound c/n.

For the local component, fix a nonzero function φ ∈ C∞
c ((−1/2, 1/2)d) with φ(0) = 1, and

denote finite bounds for its function, gradient, and Hessian norms by L0, L1, L2. Consider the
regime r ≥ crn

−1/2 and set

h = ch(nr
2)−1/(d+4), ∆ = c∆rh

2, u0 = 0, u1(a) = ∆φ(a/h).

The constants ch, c∆ can be chosen, depending only on the fixed model constants, so that h ≤ 1,
the bump is supported in [−1, 1]d, and

∥u1∥∞ ≤M, ∥∇u1∥∞ ≤M, ∥∇2u1∥op,∞ ≤ r.

Thus both laws belong to Qd(r; b). Their divergence is

DKL(P
n
1 ∥Pn

0 ) =
n

2σ2
E{u1(A)2}

=
n∆2hd

2d+1σ2

∫
φ(v)2 dv = Cφc

2
∆c

d+4
h .

Choose the constants so that the divergence is bounded by a sufficiently small absolute constant.
The target separation is ∆, so Le Cam’s inequality yields

inf
Ṽ

sup
P∈{P0,P1}

EP (Ṽ − VP )
2 ≥ c∆2

= cn−4/(d+4)r2d/(d+4).

If r < crn
−1/2, the local expression is at most a constant multiple of n−1, and the constant-shift

construction supplies the maximum. If r ≥ crn
−1/2, the local expression is at least a constant

multiple of n−1 and supplies the maximum. The lower bound is therefore uniform over possibly
n-dependent r ∈ [0, rmax]. □

A.5 The population-projection class

A pilot least-squares bound. Let Bϕ be a uniform bound on ∥ϕ(A,X)∥2, and put

Zi = ϕ(Ai, Xi){Yi − ϕ(Ai, Xi)
⊤βP }.

By the definition of βP , EPZi = 0. Matrix Hoeffding’s inequality, fixed q, and the lower eigenvalue
bound imply

sup
P∈PB(r)

P{λmin(Ĝ) < λ/2} ≤ C1e
−C2N . (A.9)

On the complementary event,

β̂ − βP = Ĝ−1

(
N−1

N∑
i=1

Zi

)
, ∥Ĝ−1∥op ≤ 2/λ.

The uniform sub-Gaussian condition gives E∥N−1
∑

i Zi∥22 ≤ C/N . On the event in (A.9), stabi-
lization sets β̂ = 0, while ∥βP ∥ ≤M . Therefore

sup
P∈PB(r)

EP ∥β̂ − βP ∥22 ≤ C/N. (A.10)
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Proof of Theorem 3.8: upper bound. Because the treatment density is known, B0,P = 0, and
conditional on the pilot the density-ratio-weighted reference error is

gP (a, x) = ϕ(a, x)⊤(β̂ − βP )− uP (a, x).

Uniform boundedness of the basis Hessians and (3.14) give, for every ∥v∥∞ ≤ h0,

EPX
∥∇2

agP {θ(X) + v,X}∥op ≤ C∥β̂ − βP ∥2 +
[
EPX

∥∇2
auP {θ(X) + v,X}∥2F

]1/2
≤ C∥β̂ − βP ∥2 + r.

It follows from the integral Taylor formula that the squared conditional bias, averaged over the pilot,
is at most

Ch4{r2 +N−1}. (A.11)

It remains to bound the variance without a deterministic bound on the realized least-squares
coefficient. Since ϕ1 ≡ 1, the first coordinate of Zi is Yi−ϕ(Ai, Xi)

⊤βP and has a uniformly bounded
second moment by the sub-Gaussian assumption. Decompose

Y − ϕ(A,X)⊤β̂ = Y − ϕ(A,X)⊤βP − ϕ(A,X)⊤(β̂ − βP ).

Using boundedness of ϕ, the known-density overlap bound, and (A.10) in the same change-of-
variables calculation as (A.4), we obtain

ED0{VarP (ψh | D0)} ≤ C(1 + h−d).

Combining this inequality with (A.11) proves (3.15).

Proof of Theorem 3.8: lower bound. Let T = N + n ≍ n be the total sample size. Take
X ≡ x0, A ∼ Unif([−1, 1]d), and Y = m(A, x0) + ε with independent Gaussian noise of fixed
variance. Write t0 = θ(x0). The treatment law has Gram matrix

G0 = 2−d

∫
[−1,1]d

ϕ(a, x0)ϕ(a, x0)
⊤ da,

which is positive definite by assumption.
For the parametric component, take the two regressions m±(a, x0) = ±c0T−1/2. Since ϕ1 ≡ 1,

each regression lies in B, its projection residual is zero, and all class conditions hold for small c0.
The preceding Gaussian calculation gives a lower bound c/T ≍ c/n.

For the local part, use the smooth function φ from the preceding proof, translated to t0, and set

m0(a, x0) = 0, m1(a, x0) = ∆φ{(a− t0)/h},

where h = ch(Tr
2)−1/(d+4) and ∆ = c∆rh

2. In the relevant regime, choose the constants so that
the support lies in the fixed treatment neighborhood. The population projection coefficient satisfies

∥β1∥2 =
∥∥∥∥G−1

0 2−d

∫
ϕ(a, x0)m1(a, x0) da

∥∥∥∥
2

≤ C∆hd.

The projection residual is u1 = m1 − ϕ⊤β1. Hence

sup
a

∥∇2
au1(a, x0)∥F ≤ C∆h−2 + C∆hd ≤ r
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after reducing c∆. Its function and gradient bounds follow in the same way. The residual u1 is
bounded, so ϕ(A, x0){u1(A, x0) + ε} is uniformly sub-Gaussian. Thus these two laws belong to
PB(r).

The target separation is m1(t0, x0) −m0(t0, x0) = ∆. Projection defines class membership; it
does not alter the regression. The T -observation divergence is CT∆2hd, which is bounded by a small
constant by construction. Le Cam’s inequality gives cT−4/(d+4)r2d/(d+4). Combining this with the
constant-shift lower bound and using T ≍ n proves the lower assertion. The upper assertion at the
radius-dependent bandwidth follows from (3.15), because N−1h4 ≤ Cn−1 when N ≍ n. □

A.6 Derivative-rate transfer

Proof of Corollary 3.9. Let
rn = n−(α−2)/(2α+d).

Then nr2n = n(d+4)/(2α+d), so the bandwidth in (3.11) has order hn = n−1/(2α+d). Consequently,

r2nh
4
n ≍ (nhdn)

−1 ≍ n−2α/(2α+d).

The term n−1 is smaller. On the events stated in the corollary, the product-error contribution
is also no larger than this order. Applying Theorem 3.6 conditionally on those events proves the
OP {n−2α/(2α+d)} claim. □

A.7 Finite-policy regret

Proof of Proposition 4.1. Condition throughout on D0 and suppress this conditioning from the
notation. The reference functions are fixed, and the evaluation observations are independent with
law P . For θ ∈ Θ, write

ψh,θ(Z) = m̄{θ(X), X}+ Kh{A− θ(X)}
f̄(A | X)

{Y − m̄(A,X)},

so that V̂h(θ) = Pnψh,θ.
The exact bias identity and the uniform curvature bound give

sup
θ∈Θ

|Pψh,θ − VP (θ)| ≤ ρ+
L2,K

2
rh2. (A.12)

We next establish uniform variance and envelope bounds for the centered estimating functions. Put

Uθ = m̄{θ(X), X}, Wh,θ =
Kh{A− θ(X)}

f̄(A | X)
{Y − m̄(A,X)}.

Since h ≤ 1, the boundedness assumptions imply

|Wh,θ| ≤
∥K∥∞M1

f
h−d

almost surely, uniformly over θ ∈ Θ. Consequently,

|ψh,θ| ≤M0 +
∥K∥∞M1

f
h−d ≤

(
M0 +

∥K∥∞M1

f

)
h−d,
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and hence
|ψh,θ − Pψh,θ| ≤ Cbh

−d, Cb = 2

(
M0 +

∥K∥∞M1

f

)
. (A.13)

Let tθ = θ(X). A change of variables a = tθ + hu gives

PW 2
h,θ = h−d EPX

[∫
K(u)2

fP (tθ + hu | X)

f̄(tθ + hu | X)2

× EP

{
(Y − m̄(tθ + hu,X))2 | A = tθ + hu,X

}
du
]

≤ h−d fM
2
1

f2
RK .

Therefore, using h ≤ 1 again,

VarP (ψh,θ) ≤ Pψ2
h,θ

≤ 2M2
0 + 2h−d fM

2
1

f2
RK ≤ Cvh

−d, (A.14)

where

Cv = 2M2
0 +

2fM2
1RK

f2
.

For each fixed θ ∈ Θ and t > 0, the two-sided Bernstein inequality gives

P

(
|(Pn − P )ψh,θ| >

√
2Cvt

nhd
+

Cbt

3nhd

∣∣∣∣∣ D0

)
≤ 2e−t.

A union bound over Θ gives

P

(
sup
θ∈Θ

|(Pn − P )ψh,θ| >
√

2Cvt

nhd
+

Cbt

3nhd

∣∣∣∣∣ D0

)
≤ 2|Θ|e−t. (A.15)

Set t = log(2|Θ|/δ). Combining (A.12) with (4.1) and using V̂h(θ) = Pnψh,θ proves (4.2).
We derive the expected bound from the same tail inequality. Let

Zh = sup
θ∈Θ

|(Pn − P )ψh,θ| , L = log(2|Θ|),

and set

a =

√
2Cv

nhd
, b =

Cb

3nhd
.

Substituting t = L+ s into (A.15) yields, for every s ≥ 0,

P
(
Zh > a

√
L+ s+ b(L+ s)

∣∣∣ D0

)
≤ e−s.

If a+ b = 0, then Zh = 0 almost surely and the conclusion is immediate. Otherwise, the function

φ(s) = a
√
L+ s+ b(L+ s)
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is increasing. The tail-integral formula and the change of variables z = φ(s) give

EP (Zh | D0) ≤ φ(0) +

∫ ∞

0
e−sφ′(s) ds

= a
√
L+ bL+

∫ ∞

0
e−s

{
a

2
√
L+ s

+ b

}
ds

≤ a
√
L+ bL+

a

2
√
L

+ b.

Since L ≥ log 2, the last expression is at most 3{a
√
L + bL}. The deterministic regret reduction

therefore gives

EP

[
VP (θ

∗)− VP (θ̂) | D0

]
≤ 2ρ+ L2,Krh

2 + 2EP (Zh | D0)

≤ 2ρ+ L2,Krh
2 + C

{√
CvL

nhd
+
CbL

nhd

}
,

where, for example, the universal choice C = 6
√
2 is valid. This proves (4.3).

It remains to evaluate the bandwidth. Write

H = h0 ∧ 1, q =
L

n
, h = H ∧

( q
r2

)1/(d+4)
,

with the second term interpreted as infinity when r = 0. Under the assumed condition q/hd ≤ 1,
the linear Bernstein term is bounded by a constant multiple of the square-root term. Hence

EP

[
VP (θ

∗)− VP (θ̂) | D0

]
≤ 2ρ+ C0

{
rh2 +

√
q

hd

}
, (A.16)

where C0 depends only on the fixed constants in the proposition and on K.
First suppose the radius-dependent bandwidth is not capped. Then r > 0 and

h =
( q
r2

)1/(d+4)
.

Then

rh2 = q2/(d+4)rd/(d+4) and
√

q

hd
= q2/(d+4)rd/(d+4).

Now suppose that the bandwidth is capped at H, including the case r = 0. The cap condition gives

r2 ≤ qH−(d+4),

and consequently

rH2 ≤ H−d/2√q,
√

q

Hd
= H−d/2√q.

Thus, in both cases,

rh2 +

√
q

hd
≤ CH

{√
q ∨ q2/(d+4)rd/(d+4)

}
,

where CH depends only on H, and hence only on h0. Substitution in (A.16), with the factor 2
absorbed into the constant multiplying ρ, proves (4.4). □
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B Implementation and additional empirical results

This appendix gives the implementation details and the full empirical record. It begins with the
four estimators, common nuisance fits, and tuning rules; then specifies the controlled designs and
their favorable- and poor-overlap results. The final part describes the JD.com-based semi-synthetic
sample, Gaussian neural policy models, PPO-inspired adaptive-KL training rule, and RMSE and
bias curves at all four sample sizes.

B.1 Algorithmic details

B.1.1 Implementation of the estimators

We report IPW, CL, the vectorized implementation KMMS-I, and TR. The last label is retained
from the original code for the realized-action estimator.

Inverse Probability Weighting (IPW) The implementation of the IPW estimator (Kallus and
Zhou, 2018) is:

Algorithm 1 Inverse Probability Weighting (IPW) Estimator
1: Input: Data {(Xi, Ai, Yi)}ni=1, target policy θ, bandwidth h, kernel function K(·)
2: Output: IPW estimate V̂ IPW

3: procedure IPW({(Xi, Ai, Yi)}ni=1, θ, h, K(·))
4: Estimate conditional treatment density f̂(A | X)
5: for i = 1 to n do
6: Compute kernel weights Kh(θ(Xi), Ai) =

1
hK( θ(Xi)−Ai

h )
7: end for
8: V̂ IPW(θ) = 1

n

n∑
i=1

Kh(θ(Xi),Ai)

f̂(Ai|Xi)
Yi

9: end procedure

Double Debiased Machine Learning (CL) The implementation of the CL estimator (Colan-
gelo and Lee, 2026) is:

Algorithm 2 Double Machine Learning (CL) Estimator
1: Input: Data {(Xi, Ai, Yi)}ni=1, target policy θ, bandwidth h, kernel function K(·)
2: Output: CL estimate V̂ CL

3: procedure CL({(Xi, Ai, Yi)}ni=1, θ, h, K(·))
4: Estimate conditional treatment density f̂(A | X)
5: Estimate outcome regression m̂(A,X)
6: for i = 1 to n do
7: Compute kernel weights Kh(θ(Xi), Ai) =

1
hK( θ(Xi)−Ai

h )
8: end for
9: V̂ CL = 1

n

n∑
i=1

[
m̂(θ(Xi), Xi) +

Kh(θ(Xi),Ai)

f̂(θ(Xi)|Xi)
{Yi − m̂(θ(Xi), Xi)}

]
10: end procedure

KMMS KMMS-I implements the local-linear estimator with vectorized matrix operations and
optional GPU execution. These changes concern computation, not the estimating equation.
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Algorithm 3 Improved Local Linear Kernel Estimator (KMMS-I)
1: Input: Data {(Xi, Ai, Yi)}ni=1, target policy θ, bandwidth h, kernel function K(·)
2: Output: Improved KMMS estimate V̂ KMMS

Improved
3: procedure ImprovedKMMS({(Xi, Ai, Yi)}ni=1, θ, h, K(·))
4: Estimate conditional treatment density f̂(A | X)
5: Estimate outcome regression m̂0(A,X)
6: Estimate marginal treatment distribution ϖ̂(A)
7: Estimate marginal outcome regression µ̂(A)
8: for i = 1 to n do
9: Compute the pseudo outcome ξi =

Yi−m̂0(Ai,Xi)

f̂(Ai|Xi)
ϖ̂(Ai) + µ̂(Ai)

10: Kernel weight Kh(θ(Xi), Ai) =
K(

θ(Xi)−Ai
h

)

h

11: Feature gi(θ(Xi), Ai) = (1, θ(Xi)−Ai

h )T

12: end for
13: Solve the weighted least squares problem:
14: β̂ = argminβ

∑n
i=1Kh(θ(Xi), Ai)(ξi − gi(θ(Xi), Ai)

Tβ)2

15: Compute the improved KMMS estimate: V̂ KMMS
Improved = 1

n

n∑
i=1

gi(θ(Xi), Ai)
T β̂

16: end procedure

Realized-action doubly robust estimator (TR) The realized-action estimator is implemented
as follows:

Algorithm 4 Realized-Action Doubly Robust Estimator (TR)
1: Input: Data {(Xi, Ai, Yi)}ni=1, target policy θ, bandwidth h, kernel function K(·)
2: Output: TR estimate V̂ TR

3: procedure TR({(Xi, Ai, Yi)}ni=1, θ, h, K(·))
4: Estimate conditional treatment density f̂(A | X)
5: Estimate outcome regression m̂(A,X)
6: for i = 1 to n do
7: Compute kernel weights Kh(θ(Xi), Ai) =

1
hK( θ(Xi)−Ai

h )
8: end for
9: V̂ TR = 1

n

n∑
i=1

[
m̂(θ(Xi), Xi) +

Kh(θ(Xi),Ai)

f̂(Ai|Xi)
{Yi − m̂(Ai, Xi)}

]
10: end procedure

Nuisance estimates are computed once within each run and reused over the bandwidth grid
and bootstrap replications. The same nuisance-learning procedures are used for the estimators
that require the corresponding components. KMMS-I changes the numerical implementation of the
local-linear calculation through vectorized matrix operations and GPU acceleration; the reported
comparison concerns the resulting value estimates.

B.2 Controlled designs and additional results

B.2.1 Data-generating processes

Single-dimensional case Draw Zi ∼ Uniform(π/2, 7π/2) and set Xi = Zi. Throughout this sec-
tion, Normal(µ, s) uses s as the standard deviation. The behavior rule is θ1(X) = 2X+Normal(0, 4)
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and the target rule is θ2(X) = 1.5X + π. Outcomes satisfy Yi = m0(Zi, Ai) + ϵi, with ϵi ∼
Normal(0, 1) and

m0(Z,A) = 4 sin(Z)− 4 sin(A) + (A− 4π)2.

Ten-dimensional case Draw Zi ∼ Uniform(7π/2, 13π/2)10 and set Xi = Zi. The action remains
scalar. With β = [0.05, 0.06, 0.07, 0.08, 0.09, 0.1, 0.11, 0.13, 0.14, 0.15], the behavior rule is θ1(X) =
2β⊤X + Normal(0, 2) and the target rule is θ2(X) = 1.5β⊤X + 5π/2. Outcomes satisfy Yi =
m0(Zi, Ai) + ϵi, where ϵi ∼ Normal(0, 1) and

m0(Z,A) =
2

5

10∑
j=1

sin(Zj)− 4 sin(A) +
1

2
(A− 10π)2.

B.2.2 Nuisance estimation

Outcome regression We fit m̂(a, x) by random-forest regression (Breiman, 2001), using (A,X)
as predictors of Y . The implementation uses scikit-learn and five-fold cross-validation.

Conditional treatment density The implementation uses a conditional location model. A
separate random forest estimates the conditional action mean θ̂b(x) ≈ E[A | X = x]. A single
Gaussian kernel-density estimate is then fitted to the action errors Ai − θ̂b(Xi), producing

f̂(a | x) = q̂{a− θ̂b(x)}.

The conditional mean may vary flexibly with x, while the action-error distribution is common across
contexts. Mean-squared error tunes the forest; held-out log likelihood tunes the density bandwidth.

B.2.3 Hyperparameter tuning

The random-forest components are tuned by five-fold grid search. The grid for m̂ is:

• n_estimators: {100, 200, 300}.

• max_depth: {3, 5, 7}.

• min_samples_split: {5, 10, 15, 20}.

• min_samples_leaf: {2, 4, 6, 8, 10}.

The grid for f̂ follows the two-step location-model construction:

1. A random-forest regression estimates the conditional action mean θ̂(X) over the grid

• n_estimators: {100, 200, 300}

• max_depth: {3, 5, 7}

• min_samples_split: {5, 10, 15, 20}

• min_samples_leaf: {2, 4, 6, 8, 10}

2. A Gaussian kernel estimates the density of Ai − θ̂(Xi), with bandwidth selected by cross-
validation over {1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0}.
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Both steps use five folds.
The outer estimator bandwidths are the grids displayed on the horizontal axes of the preserved

figures, and the same grid is used for all estimators within a design. The uploaded source does not
contain the underlying numerical arrays; they must therefore be recovered from the analysis code
for exact reproduction. The minimizing grid values in the two tables are retained verbatim.

After selecting the hyperparameters, the outcome forest is refitted using (A,X) to predict Y ,
and the action-mean forest is refitted using X to predict A. The latter is combined with the selected
Gaussian density bandwidth as described above; the random forest is not itself used as a density
estimator.

B.2.4 Estimated and oracle treatment densities

For nonnegative evaluation weights wi, we use ESS(w) = (
∑

iwi)
2/
∑

iw
2
i as in Martino et al.

(2016). The recorded ESS is approximately 481 of 500 in the one-dimensional design and 401 of
500 in the ten-dimensional design. The uploaded source does not identify the bandwidth used for
these two summaries, so they are overlap diagnostics rather than reproducible tuning targets. We
also rerun all methods with the known treatment density. Figures 9–12 show the resulting RMSE
curves. The displayed minima are similar under the estimated and known densities; no significance
test is performed.

Figure 9: One-dimensional design with the known treatment density, excluding IPW.
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Figure 10: Ten-dimensional covariate design with the known treatment density, excluding IPW.

Figure 11: One-dimensional design with the known treatment density.
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Figure 12: Ten-dimensional covariate design with the known treatment density.

In several panels, an estimated treatment density yields an RMSE minimum close to, and oc-
casionally below, the corresponding known-density minimum. Similar finite-sample behavior for
estimated treatment mechanisms has been studied by Robins and Greenland (1992) and Su et al.
(2023). The curves here are descriptive: they do not identify a unique mechanism for the difference,
and the comparison should not be read as a general preference for an estimated density over the
known one.

B.2.5 Favorable overlap: all estimators

The following panels restore IPW to the one- and ten-dimensional comparisons.
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Figure 13: One-dimensional favorable-overlap design: RMSE for all estimators.

Figure 14: One-dimensional favorable-overlap design: absolute bias for all estimators.
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Figure 15: Ten-dimensional favorable-overlap design: RMSE for all estimators.

Figure 16: Ten-dimensional favorable-overlap design: absolute bias for all estimators.

Figures 13, 14, 15, and 16 show the relative scale of all four methods. IPW has substantially
larger RMSE and bias on the displayed grid. TR has the lowest reported RMSE minimum in both
designs and remains near it over a relatively broad range; KMMS-I becomes unstable at the largest
bandwidths. These finite-grid comparisons do not establish uniform dominance.

B.2.6 Poor overlap

The negative-control design retains the one-dimensional behavior policy and changes the target to
θ2(X) = 1.5X − 10π. This places the target largely outside the region covered by logged actions.
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Figure 17: Poor-overlap design: behavior-policy action bands and target rule. The target lies largely
outside even the broad behavior-policy bands.

Figure 17 displays central action bands under the behavior policy, not confidence-interval cover-
age for a value estimator. The target rule lies largely outside even the broad bands, so few logged
actions are locally informative for its value.

The remaining panels show the resulting RMSE and bias curves, first for all four methods and
then without KMMS-I.

Figure 18: One-dimensional poor-overlap design: RMSE for all estimators.
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Figure 19: One-dimensional poor-overlap design: absolute bias for all estimators.

Figure 20: One-dimensional poor-overlap design: RMSE excluding KMMS and KMMS-I.
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Figure 21: One-dimensional poor-overlap design: absolute bias excluding KMMS and KMMS-I.

Figures 18 and 19 show that every estimator has very large error. At its reported minimizing
bandwidth, TR differs from CL by only 0.016 in RMSE and 0.012 in absolute bias. Thus the
design is a negative control: the realized-action correction does not restore identification or accurate
estimation when the target is unsupported.

B.3 Semi-synthetic design and additional results

B.3.1 Data and features

The semi-synthetic sample is built from the March 2018 JD.com E-Commerce Data Challenge
records (Shen et al., 2020). Contexts and prices are observed; the outcomes used to compute
repeated-sample RMSE and bias are synthesized as described below.

Feature construction The context vectorX contains the following user attributes and behavioral
signals:

• Behavioral features:

– click_count: number of same-day clicks on the focal SKU;

– first_order_month: month of the user’s first order;

– months_since_first_order: elapsed time from the first order to the current interaction.

• Demographic features (one-hot encoded):
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– age: categorical age group, mapped as

age_mapping =



−1 U (Unknown age)
0 16-25
1 26-35
2 36-45
3 46-55
4 ≥56

– gender: user gender;

– marital_status: user marital status.

• Socioeconomic features (one-hot encoded):

– purchase_power: purchasing-capacity category;

– city_level: city-tier category;

– education: education category.

Price range and sample construction The raw records include discounts below $10. To keep
the learned policies in the operational price range used in the study, we retain final unit prices from
$31.9 to $89.9 for the focal SKU. This restriction

• removes extreme discounts that can induce negative predictions;

• preserves price variation within the chosen operational range; and

• supports overlap between the fitted behavior and candidate policies.

After filtering and deduplication, 773 distinct user–context–price combinations remain. An
ordinary least-squares regression of the outcome on (X,A) defines the outcome model used to
synthesize Y . The construction preserves the observed contexts and prices while making the target
value available for error calculation. Outcome generation is repeated 800 times to form the semi-
synthetic samples used to train the behavior and candidate policies. This policy-construction stage
is distinct from the ten value-estimation repetitions conducted at each reported sample size.

The sample sizes in Section 5 refer to observations in each value-estimation run, not to the
773-record base sample.

B.3.2 One-step neural policy construction

Fully connected networks parameterize Gaussian behavior and candidate pricing policies. This
module solves a one-step continuous-action optimization problem; there are no states evolving over
time, trajectories, or sequential returns.

Gaussian policy network The policy is N{µθ(X), σ2θ(X)}. Separate output heads represent its
two parameters:

• the mean head returns µ̂θ(X);

• the scale head returns log σ̂θ(X), with σ̂θ(X) = exp{log σ̂θ(X)}.
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The logarithmic parameterization enforces a positive scale. After training, the value estimators
take the deterministic target rule to be x 7→ µ̂θ(x). The scale head enters the training objective
and the overlap diagnostics, but not the final deterministic policy value.

Behavior-policy objective The behavior network minimizes three terms.
First, Gaussian negative log likelihood fits observed prices:

LNLL(θ) = − 1

n

n∑
i=1

logN (Ai; µ̂θ(Xi), σ̂
2
θ(Xi)) (B.1)

equivalently,

LNLL(θ) =
1

n

n∑
i=1

[
log σ̂θ(Xi) +

(Ai − µ̂θ(Xi))
2

2σ̂2θ(Xi)
+

1

2
log(2π)

]
(B.2)

Second, a penalty discourages negative mean prices:

Lneg(θ) = λ1

n∑
i=1

max(0,−µ̂θ(Xi)) (B.3)

where λ1 = 1.0.
Third, the average predicted scale is regularized toward the empirical price standard deviation:

Lstd(θ) = λ2

∣∣∣∣∣ 1n
n∑

i=1

σ̂θ(Xi)− σdata

∣∣∣∣∣ (B.4)

where σdata is the observed-price standard deviation and λ2 = 0.1.
The complete objective is

Ltotal(θ) = LNLL(θ) + Lneg(θ) + Lstd(θ) (B.5)

Adam minimizes this objective (Kingma and Ba, 2015).

Tuning Validation negative log likelihood selects from the following grid:

• Network architecture:

– Single hidden layer: [64], [128]

– Two hidden layers: [128, 64], [256, 128]

• Learning rate: {1e-3, 5e-4, 1e-4}.

• Density floor: predicted conditional densities are clipped below at one of {1e-5, 1e-3, 1e-1}.

• Regularization: the final networks use early stopping and no dropout.

The selected specification minimizes validation negative log likelihood.
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Candidate-policy objective The behavior policy π̂behavior(A | X) is fitted directly to the
semi-synthetic sample. The candidate policy instead maximizes the following one-step importance-
weighted objective, with a KL penalty and entropy bonus:

L(θ) = ÊX,A

[
πθ(A|X)

π̂behavior(A|X)
R̂(X,A)

]
− β · ÊX [DKL(π̂behavior(·|X)∥πθ(·|X))] + α · H(πθ) (B.6)

Here πθ(A | X) = N{A;µθ(X), σ2θ(X)}, R̂(X,A) is estimated revenue, β is an adaptive KL
coefficient, and α is the entropy weight. The terms have the following roles:

• Revenue: importance weighting estimates expected revenue under the candidate policy.

• KL penalty: proximity to the behavior policy limits extrapolation beyond logged prices.

• Entropy bonus: H(πθ) = ÊX [12 log{2πeσ
2
θ(X)}] discourages premature concentration.

Adaptive KL controller. At iteration t, let dt = ÊX [DKL{π̂behavior(· | X)∥πθ(· | X)}]. The
controller targets [dlower, dupper] through

βt+1 =


min(βt · λinc, βmax) if dt > dupper

max(βt/λdec, βmin) if dt < dlower

βt otherwise
(B.7)

where λinc and λdec are adjustment factors.
Optimization parameters. The candidate policy uses:

• 500 training epochs and full batches;

• initial β = 1.4 and α = 0.7;

• Adam learning rate 2e-5;

• KL-controller parameters:

– KL thresholds: dlower = 0.12, dupper = 0.16

– Adjustment factors: λinc = 1.70, λdec = 1.20

– Beta bounds: βmin = 0.80, βmax = 3.5

• Early stopping: two validation criteria are imposed:

– validation revenue improves by at least 2%;

– normalized validation ESS is at least 0.92.

Training stops when both conditions hold.

The adaptive-KL construction is inspired by PPO (Schulman et al., 2017), but uses neither
PPO’s clipped surrogate nor a sequential environment. Its purpose here is narrower: to produce a
distinct one-step pricing policy while retaining overlap with historical prices.
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B.3.3 Results by sample size

Independent samples are drawn from the learned behavior policy at n ∈ {10k, 50k, 100k, 200k}.
Each sample is evaluated by IPW, CL, KMMS-I, and TR.

We report

• RMSE = {E[{V̂ (θ)− V (θ)}2]}1/2;

• Bias = |E{V̂ (θ)− V (θ)}|.

For each n, one pair of panels includes all four methods and another shows CL and TR alone
on a more informative scale.

Sample size n = 10k Figures 22 and 23 show the four estimators at n = 10,000. At this sample
size, CL has the lowest reported RMSE minimum.

Figure 22: Semi-synthetic JD.com design, n = 10k: RMSE for all estimators.
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Figure 23: Semi-synthetic JD.com design, n = 10k: absolute bias for all estimators.

Figures 24 and 25 show CL and TR alone.

Figure 24: Semi-synthetic JD.com design, n = 10k: RMSE for CL and TR.
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Figure 25: Semi-synthetic JD.com design, n = 10k: absolute bias for CL and TR.

Sample size n = 50k At n = 50,000, TR has the lowest reported RMSE minimum. The panels
retain the full RMSE and bias curves over bandwidth.

Figure 26: Semi-synthetic JD.com design, n = 50k: RMSE for all estimators.
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Figure 27: Semi-synthetic JD.com design, n = 50k: absolute bias for all estimators.

Figure 28: Semi-synthetic JD.com design, n = 50k: RMSE for CL and TR.
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Figure 29: Semi-synthetic JD.com design, n = 50k: absolute bias for CL and TR.

Sample size n = 100k At n = 100,000, TR again has the lowest reported RMSE minimum. The
panels show the full bandwidth dependence with and without IPW and KMMS-I.

Figure 30: Semi-synthetic JD.com design, n = 100k: RMSE for all estimators.
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Figure 31: Semi-synthetic JD.com design, n = 100k: absolute bias for all estimators.

Figure 32: Semi-synthetic JD.com design, n = 100k: RMSE for CL and TR.
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Figure 33: Semi-synthetic JD.com design, n = 100k: absolute bias for CL and TR.

Sample size n = 200k At n = 200,000, TR has the lowest reported RMSE minimum and remains
competitive with CL over a comparatively broad bandwidth range.

Figure 34: Semi-synthetic JD.com design, n = 200k: RMSE for all estimators.
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Figure 35: Semi-synthetic JD.com design, n = 200k: absolute bias for all estimators.

Figure 36: Semi-synthetic JD.com design, n = 200k: RMSE for CL and TR.
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Figure 37: Semi-synthetic JD.com design, n = 200k: absolute bias for CL and TR.

Summary across sample sizes There is no uniform winner. CL has the lower minimum RMSE
at n = 10,000; TR has the lower minimum at n = 50,000, 100,000, and 200,000, reducing CL’s
minimum by 8.3%, 13.1%, and 11.1%, respectively. The curves echo the controlled designs: TR
remains competitive over a relatively broad bandwidth range before bias offsets variance reduction.
IPW and KMMS-I have substantially larger errors on the reported grid. Because outcomes are
synthesized, the findings concern estimator error in a semi-synthetic one-step pricing design, not
deployed revenue.
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