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Abstract

We prove a variance-aware pointwise majorizing-measure theorem for centered Gaussian
processes. Classical generic chaining characterizes the scalar quantity Esup,c X, ; the theorem
here gives a simultaneous high-probability envelope for the entire field. For an ambient prior p,
the envelope at x is governed by a pointwise Fernique-Talagrand functional

( ) 40’(3?) 1
P, () := / log ——— de,
g 0 /L(Bd(‘ra 5))

together with the corresponding Gaussian tail term. The theorem is intended as a standard
reference whenever one needs a field-level refinement of classical generic chaining, and as the
Gaussian-process counterpart of pointwise empirical-process bounds for deep neural networks
(Li and Xu, 2026).

We also derive a Bayesian algorithmic lower envelope from the interactive Fano/data-
processing principle (Chen et al., 2024). For a known prior 7, an observation channel, and a
concrete estimator tA(Y), the lower bound is expressed through the exact ghost small-ball mass
Eyom(Ba(t(Y),A)), rather than a worst-case covering number. In Gaussian location experi-
ments, comparison decoders convert Bayes location error into lower bounds on decision-aligned
Gaussian ranges. We then construct an elementary weighted-basis example separating the
usual Fano relaxation for a fixed prior, the Bayesian algorithmic lower envelope, the pointwise
Gaussian envelope on the estimator-selected subatlas, and the full-class minimax risk/global
Gaussian scale. Together, these results show that Bayesian algorithmic lower bounds provide
local-geometric certificates of pointwise complexity for fixed estimators in overparameterized
ambient classes, precisely in regimes where classical minimax theory becomes either too coarse
or oracle-dependent.

The appendices apply the framework to finite-cutoff renormalization and graph local time,
formalizing analogies between renormalization group flows and deep neural networks, and be-
tween graph local time and pointwise dimension. They provide concrete examples where point-
wise complexity yields sharper, trajectory-aligned descriptions than global complexity scales.
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1 Introduction and Main Results

Classical generic chaining controls the scalar quantity Esup,cr X, for a Gaussian process { X }zer.
For many field-level questions, however, this scalar is not the first object one wants to estimate.
In the graph setting, the second Ray—-Knight theorem identifies a local-time field at an inverse-
local-time stopping rule with a shifted square of a Gaussian free field. In constructive and lattice
field theory, one similarly studies local observables before passing to global maxima or continuum
limits. This suggests that the Gaussian input should itself be pointwise: one should first prove a
simultaneous field-level envelope and only afterwards take suprema or threshold events.

A further motivation comes from recent work on pointwise generalization for deep neural net-
works (Li and Xu, 2026). There the central object is not a class-wide supremum but a hypothesis-
dependent finite-scale complexity. The proof is structural: an exact non-perturbative telescoping
expansion exposes learned feature Gram matrices, and a hierarchical local-chart/global-atlas prior
converts the resulting data-dependent active subspaces into a data-independent bound. The present
paper develops the Gaussian-process counterpart of that viewpoint. Theorem 1.1 can serve as a
standard reference whenever one needs a field-level refinement of classical generic chaining.

We also record a single-radius Bayesian lower-envelope counterpart. It is not a pathwise lower
bound on each Gaussian coordinate. Rather, it is a data-processing Bayes-risk lower bound for a
specified prior, observation channel, and estimator. In Gaussian location experiments, comparison
decoders turn Bayes location error into an algorithmic lower bound on a decision-aligned Gaussian
range. Conversely, a simultaneous pointwise Gaussian envelope yields an algorithmic upper bound
on the same decoding risk. Ordinary nearest-neighbor decoding is the simplest instance; the sep-
arating example in Theorem 1.7 uses an unrestricted norm-regularized nearest-neighbor rule over
the full ambient class, reflecting the inductive-bias/interpolation principle that good empirical fit
must be paired with a locality or complexity bias (Cover and Hart, 1967; Belkin et al., 2018). We
then construct an elementary weighted-basis “hub—leaves—cloud” example in which the fixed-prior
Fano relaxation is vacuous, the algorithmic ghost-mass lower envelope is sharp for the chosen Bayes
problem and for the pointwise upper envelope on the estimator-selected subatlas, while the full-class
minimax risk and the global Gaussian supremum scale are much larger.

These results clarify why a Bayesian algorithmic lower bound can provide the right certificate for
a pointwise upper envelope under specified priors, even when the ambient class is overparameterized,



where classical minimax theory may become either divergent or oracle-dependent. In this sense,
the pointwise and algorithmic viewpoint developed here points to the need for decision-theoretic
criteria that are localized to the algorithm or estimator and the reference law. This parallels
probabilistic refinements of worst-case analysis in theoretical computer science (Yao, 1977; Levin,
1986; Spielman and Teng, 2004). Just as distributional or smoothed input models can make the
effective computational complexity of an algorithm much smaller than its worst-case complexity, a
concrete estimator and reference law can make the effective probabilistic or information-theoretic
complexity of a rich function class much smaller than what is suggested by a global supremum or
class-wide relaxation.!

We further extend the pointwise-complexity principle to statistical-physics settings, with the
details deferred to the appendices. For renormalization maps and interacting fields, we formalize
a structural analogy between exponential-family renormalization group (RG) flows and nonlinear
feature learning in deep neural networks (DNN). This leads to finite-cutoff pointwise theorems
and to a nonconvex phase-atlas example. For Gaussian free fields and continuous-time random
walks on finite graphs, we connect local-time and cover-time questions with pointwise-dimension
and covering-number scales. The phase-star and decorated phase-star examples show that local
time on a target or trajectory-aligned subatlas can have a strictly smaller intrinsic scale than any
argument that first passes through full cover time. These appendices are intended as initial results
and guideposts for a connection that has not yet been fully explored.

In summary, the paper connects field-level generic chaining with decision-aligned certificates
and demonstrates strong separations between pointwise and global complexity scales.

1.1 Main pointwise Gaussian theorem

Let {X,}zer be a centered Gaussian process on a finite index set 7. Fix an anchor zy € T' such
that X, = 0 almost surely, and define

1/2
d(z,y) = (IE\Xle — Xy]2) / , o(x) = (IEXQ%)U2 = d(x, x9), R, = suga(x).
xre
For an ambient prior p € A(T), where A(T") denotes the set of probability measures on 7', define
the localized pointwise Fernique—Talagrand functional

4o (x)
P, (x) := /0 log W de, Bi(z,e) :={ye T :d(z,y) <e}. (1.1)

Here the upper limit is local: it is proportional to the standard deviation o (z), rather than the global
radius. The factor 4 is inessential; it absorbs the two constant-factor losses coming from anchoring
and from the nearest-point pushforward used in the ambient-equivalence step. If one instead works
with the non-local full-radius integral, then the upper limits R, and 2R, are equivalent up to
universal constants, since the entropy integrand is nonincreasing in ¢.
Write
D, . :=sup P, (x), logy (u) := max{log, u, 0}.
zeT

The degenerate case R, = 0 is trivial, and the statements below are understood to be vacuous if
D, = +o00.

'Here “algorithmic” refers to bounds that depend on a concrete estimator and reference law. This usage is
distinct from classical algorithmic information theory, which is traditionally formulated for finite strings or countable
description spaces. For related notions of pointwise dimension and their connections to algorithmic and effective
statistical dimension, see Li and Xu (2026); Lutz (2016).



For ro > 0, sg € (0, Ry], and ¢ € (0,1), set

Mrgso = (1 + [logz (Pus /o)1) (1 + [logy(Rs/s50)1), (1.2)

and

MT S
Epro,s0(x;0) := max{®,(z),r0} + max{o(x), so} log<€5°’0>. (1.3)

Thus all logarithmic losses from the two successive pointwise-peeling steps are isolated in M, .
We state the main result as a variance-aware pointwise Gaussian majorizing-measure theorem
in high probability.

Theorem 1.1 (Pointwise Gaussian majorizing-measure bound). Assume 0 < R, < 0o and ®,,, <
0o. There exists an absolute constant C > 0 such that, for every ambient prior u € A(T), every
ro > 0, every so € (0, R,], and every § € (0,1), with probability at least 1 — 4,

Ve eT : Xe S CEpryso(x;0). (1.4)

Consequently, applying the same bound to X and —X and taking a union bound, with probability
at least 1 — 6,

Ve eT: | X2 < Apro,so(59), Aproso(256) 1= C Epryso(36/2). (1.5)
When ro, so are fived, we abbreviate A, ,, s, to A,.

Besides providing the Gaussian-process counterpart of the pointwise empirical-process bound
in Li and Xu (2026, Theorem 1), the present result makes a key technical refinement: the global
boundedness parameter for the metric is replaced by the local variance scale 40(z). Moreover, in
the Gaussian-process setting we do not need the advanced symmetrization machinery or the mixed
empirical-ghost metric used in Li and Xu (2026, Theorem 1).

Before presenting the in-expectation consequence, we record the corresponding anchored form
of the classical generic-chaining scale. This is a localized reformulation of the usual Fernique—
Talagrand theorem: since the cutoff 40 () is not the standard full-radius presentation, the global
radius R, must remain part of the anchored scale.

Proposition 1.2 (Classical scale in anchored local form). There exist absolute constants 0 < ¢ <
C < oo such that

R, inf ®,,)<E X, <C|(R. inf ®,.). 1.6
C( +ueIAl(T) “’) 22? ( +ue£(T) “’) (1.6)

Moreover, since the process is centered and anchored,

Esup | X;| < Esup X,.

zeT zeT
Therefore
Esup | X,| < Ry + inf &, ,. 1.7
zeT‘ o peA(r) " (1)

We now record the in-expectation consequence of Theorem 1.1. In particular, after optimizing
over the ambient prior, the resulting global in-expectation bound is sharp up to universal constants.
The variance-radius term is not an additional loss: it is part of the anchored generic-chaining scale
in (1.7), while the peeling logarithms disappear by taking 7o > @, and so = R..
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Corollary 1.3 (In-expectation consequence and sharp global scale). Under the assumptions of
Theorem 1.1, there exists an absolute constant C > 0 such that

(|Xx| — Cmax{®,(x), ro})
E | <Oy /log(eMy, s,)- 1.8
225 max{a(x), 80} — Og(e 0,80) ( )
Consequently, for every x € T,
E|X,| < Cmax{®,(z),ro} + Cmax{o(x),so}/log(eMy,. s,)- (1.9)

At the global level, taking ro > ®, .« and so = Ry« gives M, s, = 1, hence

Esup | Xz| < C(ro + Ry). (1.10)
zeT

Letting o | ®,,«, then optimizing over p, and using (1.7), we obtain the sharp equivalence

Esup|X;| < R.+ inf &, ,. 1.11
a:ET‘ | pea(r) " ( )

Thus the optimized expectation version is optimal up to absolute constants.

Remark (variance term versus chaining complexity). The term in Theorem 1.1 involving
o(x) is a variance-sensitive Gaussian tail term. It is necessary for high-probability control, already
for a single non-anchor point X, ~ N(0,0(z)?), but it is not a replacement for the chaining
complexity ®,(x), which carries the local geometry of the index set. For a fixed marginal, E|X,| =

\/go(x), so the extra factor \/log(eM,, s,) in (1.9) is not intrinsic to E|X,|. It is the price of
extracting a simultaneous pointwise envelope by peeling first over the pointwise Fernique-Talagrand
complexity and then over the local variance. At the global in-expectation level, this peeling factor
disappears, yielding the sharp scale in (1.11).

Remark (pointwise high probability). For Gaussian processes, subset-level in-expectation
bounds transfer to high-probability bounds through Borell-Tsirelson concentration, with variance
scale oy = sup,c H(IEX%)U 2 for a fixed subset H. The genuinely pointwise statement is not
obtained from this transfer alone: after the subset-homogeneous estimate is established, one first
applies uniform pointwise peeling to localize the Fernique-Talagrand term ®,(x), and then applies
the same peeling mechanism a second time to improve the tail scale from the global radius to
the local variance o(x). Conversely, the resulting high-probability envelope implies the stated
in-expectation consequence by integrating the tail.

1.2 Main Bayesian algorithmic lower and upper bounds

The pointwise upper envelope is non-decision-theoretic, simultaneous, multiscale, and pathwise in
the Gaussian field. A lower-bound analogue should therefore be stated with care. We first record
a one-scale Bayesian and estimator-dependent primitive. Let (7', d) be a finite metric space, let
m € A(T) be a known prior, and let {P; : ¢t € T'} be an experiment on an observation space ). For
an estimator ¢ : ) — T, a reference law Q € A(Y), and a scale A > 0, define

paQ(0) = Prur, yoold(t, 1Y) < A} = Ey.qm(Ba(i(Y), A))



and
Zx(Q) = Evur Dxi(P2]|Q).

The following result is the Gaussian-process and KL specialization of the interactive Fano method
of Chen et al. (2024, Theorem 2). The original theorem provides a unifying information-theoretic
principle for proving lower bounds in learning and decision-making problems.

Proposition 1.4 (Bayesian algorithmic lower envelope). For every estimator t every A > 0, and
every reference law Q with 0 < pa g(t) < 1,

i IW(Q)+IOg2
Pir yvop{dt,t(Y)) > Ay > (1 - —————— | . 1.12
v (1 EY)) 2 A) ( log(l/m(t))>+ (112)
Consequently,
~ Z:(Q) + log 2
Etor vop,d(t, t(Y)) > All - ——————| . 1.13
trom, Y AL H(Y)) > R ( log(l/pA@(t)))Jr (1.13)

0<pa,@(B)<1
The key point is that pAQ(%\) is not immediately replaced by the class-wide quantity

q=(A) := Ztelgﬂ(Bd(a, A)).

Keeping the exact ghost mass Ey.qm(Ba(t(Y),A)) makes the lower bound algorithmic: it is at-
tached to the image of the actual estimator under ghost data. Replacing it by ¢r(A) gives the
class-wide small-ball term used in classical Fano-type lower bounds (Zhang, 2006) and in the
fractional-covering specialization of Chen et al. (2024). In the Gaussian nearest-neighbor com-
parison below, this small-ball term must still be balanced against the information radius of the
Gaussian channel.

We next present a lower-bound comparison for the Gaussian process itself, rather than only for
its induced distance. The result is stated for a comparison decoder. This includes ordinary nearest
neighbor and the norm-regularized rule used in the separating example in Theorem 1.7.

Theorem 1.5 (Algorithmic lower bound for comparison decoders). Let v : T — H be an embedding
into a finite-dimensional Hilbert space and set d(s,t) = ||vs — v¢||y. Let

Y =vo+77Z2, O ~m, Z ~ N(0, I),

and let m € H be any reference center. Set
2 1 2
Qrm = N(m,7°1y), Trm = 52 lve — m||* w(dt).
™ Jr

With vy = fT vy w(dt), the centered choice m = v, gives

Vﬂ— 2
Irp, = Yol V= // d(s,t)m(ds)m(dt).

Let @(Y) be an estimator with values in T. Assume that there is a penalty Q0 : T — R such
that, under the true joint law,

IV —vg)? +Q0) < |Y —vel> +©),  Q(B) >Q(0) as. (1.14)



If, for some c € (0,1) and A >0,

Zrm +log2 < (1—c)log———, (1.15)
PAQrm (O)
then R
Foyd(©,0(Y)) > A, (1.16)
and, for the Gaussian process X; := (Z,v;) built from the same Gaussian vector Z,
2 A?
Eo,z [X@ — X@] > 5 (1.17)

Thus the exact ghost mass gives an algorithmic lower bound on the Gaussian range sampled by the
comparison decoder.
Ordinary nearest neighbor corresponds to 2 = 0. The unrestricted norm-regularized nearest-
neighbor rule R
OA(Y) € argmin{ [V — val|* + Allva||*}

1s also covered whenever the realized outputs have norm at least the norm of the true parameter, as
in the separating example in Theorem 1.7. This is a canonical minimum-complexity inductive bias
consistent with modern perspectives, rather than an explicit restriction of the hypothesis class.

We defer to Appendix C a route from the Bayesian algorithmic lower bound to a Sudakov-type
comparison via supremum relaxation, which consists of several technical results. Recent concurrent
work (Zadik, 2026) shows that comparing nearest-neighbor and Bayes-optimal risks yields what is
among the most succinct proofs to date of the majorizing-measure lower bound (van Handel, 2018;
Zadik, 2026). Our aim here is instead conceptual: to show that the global Sudakov scale can be
viewed as a coarse relaxation of a more localized algorithmic certificate.

The same pathwise comparison underlying Theorem 1.5, together with the pointwise Gaussian
upper envelope, gives an algorithmic upper bound for Gaussian location decoding. Thus, when
the two estimates match, the Bayesian algorithmic lower bound and the pointwise upper envelope
certify the sharpness of one another.

Corollary 1.6 (Algorithmic pointwise upper bound for estimator decoding). Work in the Gaussian
location setup of Theorem 1.5. Thus T is embedded as {v; : t € T} in a Hilbert space,

d(s,t) = ||vs — vel], Y =vg +72, X = (Z, ),

where Z is standard Gaussian. Let © = (:)(Y) be a decoder satisfying the comparison condition
(1.14); in particular, the condition implies

1Y —wv <||Y —vell? (1.18)

2
@(y)”

under the joint law of (0,Y).
Suppose that a deterministic envelope A : T — [0,00) satisfies

Pz{VteT: |X;| < A(t)} >1-0. (1.19)
Then, with probability at least 1 — § under the joint law of (0,Y),

d(©,0(Y))? < 2r(A(©) + A(O(Y))). (1.20)
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Consequently, if
Dy := sup d(s,t) < 00,
s,teT

then

Ed(0,8(Y)) < Ey/27(A(©) + AB(Y))) + dDr. (1.21)

In particular, after adjoining an anchor point to with vy, = 0 and Xz, = 0 if necessary, one may
take
A(t) = Apuro,s0 (£ 0)

from (1.5) in Theorem 1.1, with the prior extended to T U {to}, for instance as i = 36, + 34,
which changes the pointwise functional on T only by universal constants. This yields a pointwise-
complexity upper bound for the estimation risk.

Why keep the Bayesian and algorithmic form. The Bayesian algorithmic form is crucial
because a full-class minimax benchmark can be the wrong certificate for an overparameterized
decision problem, while a restricted minimax benchmark can be oracle-dependent. Full minimax
over T can be too pessimistic, because it is governed by the worst point of the ambient class
rather than by the geometry selected by the prior and the algorithm; maximizing over priors
can similarly erase the structure that makes a particular estimator appropriate. On the other
hand, a restricted minimax benchmark is useful only when the correct restricted class is known
in advance. In the separating example in Theorem 1.7, the relevant class is the hub-leaf subatlas
Hj, but identifying Hjs as the right estimator-selected subatlas is precisely the decision-dependent
information revealed by the ghost image Y +— #(Y). Along the sequence N = M¥ with K — oo,
the norm-regularized decoder uses a fixed numerical penalty A, independent of the prior 7 and the
problem parameters M, N, R, S, 7, and has Bayes risk < R, whereas the full-class minimax risk is

= S, with % = ‘/1155 J\Aj = VK — oo. Thus the full-class benchmark misses the decision-aligned
scale, while the restricted benchmark recovers it only after an oracle has selected Hyy.

The same issue is compounded in deep networks: the effective subatlas is rarely a fixed combi-
natorial class and may depend on the architecture, data distribution, learned representation, and
compressed feature spectrum (Li and Xu, 2026). Moreover, computationally efficient procedures
may also operate through relaxations or implicit regularization rather than by solving an exact
restricted-class problem, as in sparse regression. The algorithmic ghost mass pA,Q(f) is designed
for this regime: it evaluates the estimator actually used, under the intended prior geometry, and
therefore can certify a pointwise upper envelope without requiring a separate restricted class to be
specified in advance.

The Bayesian algorithmic lower bounds in Proposition 1.4 and Theorem 1.5 should also not be
read as ordinary Bayesian lower bounds whose purpose is to optimize over all estimators given a
specific prior. The prior is an averaging and comparison device, while the certified object is the
performance of a concrete estimator that is of practical interest regardless of knowledge of the
prior. This distinction is important because the usual Fano relaxation may be vacuous for a fixed
nonuniform prior even though the estimator of interest remains hard on the subgeometry selected
by the prior and the ghost law. Such vacuity does not mean that the Bayesian decision problem
is easy; it means only that the particular worst-case small-ball relaxation sup, 7(Bg(a,A)) has
discarded the algorithmic geometry of the estimator. In the separating example of Theorem 1.7,
the Bayes-optimal risk under the prior is also < R, even though the Bayes oracle can be highly
non-analytic. The same rotationally symmetric class construction can accommodate an arbitrarily
large finite family of priors that exhibit the separation and have markedly different local mass




profiles: the Bayes-optimal oracle varies substantially across these priors, whereas the unrestricted
estimator remains unchanged.

Relationship to the pointwise upper theorem and existing lower bounds. The Bayesian
algorithmic lower bound also clarifies the relation to the pointwise upper theorem through Corol-
lary 1.6. The upper envelope is simultaneous, multiscale, and high-probability: it is pathwise in
the Gaussian field and integrates local prior masses across scales. By contrast, the lower bound
is Bayesian, one-scale, and estimator-dependent: it averages over © ~ w and Y ~ Pg for a fixed
estimator, while the additional ghost /reference law Y ~ @ enters through the quantile term pA,Q(tA).
This parallels the information-theoretic upper—lower duality emphasized by Zhang (2006), but with
the additional point that the lower bound is a data-processing statement valid for every estimator.

DEC-type lower bounds (Foster et al., 2021, 2023) provide an independent motivation for in-
corporating algorithmic dependence into the fundamental limits of online regret, exploration, and
interactive decision making. This perspective further motivates the Bayesian algorithmic lower
bound of Chen et al. (2024) and related variants (Xu and Zeevi, 2025b). The present algorithmic
lower-bound perspective isolates a distinct but complementary principle: a prior-mass lower-bound
analogue of pointwise complexity, in the spirit of the pointwise generalization framework of Li and
Xu (2026) for deep representation learning.

1.3 Separating example construction and pointwise certification

The next theorem is the formal version of the separating example proved in Section 4. It shows
that, in an overparameterized ambient class, a fixed-prior worst-case Fano relaxation, a Bayesian
algorithmic lower envelope, a pointwise Gaussian upper envelope, and the full minimax/global
Gaussian scale can all have different meanings and different orders. The estimator is unrestricted
over the full ambient class; the relevant subatlas is selected by a norm-regularized inductive bias
and by the ghost law, rather than imposed as a constraint.

Theorem 1.7 (Decision-aligned separation and pointwise certification). There exist universal con-
stants 0 < ¢ < C < oo with the following property. Let M, N > 2 satisfy log N > 10241log M.
Let

607617"'76M7f17"'7fN

be orthonormal vectors in RM+TN*T1 Fiz R > 0, define

R 1 R [logN
= §i=—r/lgN ="~
T Jlog M gV = g\ og M

and set
Hy = {Reg,Rel,...,ReM}, CN = {Sfl,...,SfN}, TM,N = HMUCN.

Let d(s,t) = ||s — t||2, let A = R/3, and let the prior be

1

W(Reg) W(Rez):m, Zzl,,M, W(Sf])zo, ]:1,,N

Consider the Gaussian location experiment

Y=0+71Z,  O~m,  Z~N(O Iyinit),



and the unrestricted norm-reqularized decoder

O,(Y) carg min {|Y —a|> + Aal®},  A=64 (1.22)
a€Tmv,N

Let Qr = N(0,72Inrin+1). Then, for all sufficiently large M, N, the following hold.

(i)

(iii)

(v)

Fixed-prior Fano relaxation is vacuous. Since every A-ball in Ty n is a singleton,

Gz (A) := sup w(By(a,A)) = %

(ZGTN[’N

Moreover the usual data-processing lower envelope obtained by replacing the exact ghost mass
by qr(A) gives zero at the reference law Q.

Exact algorithmic ghost mass is small. The estimator-dependent ghost mass satisfies

C

P20, (0)) = By, m(Ba(OA(Y),A)) < U

Consequently the exact ghost entropy is of order log M, whereas the worst-case Fano small-ball
entropy for the same prior is only log 2.

Sharp Bayes risk for the actual unrestricted estimator.
¢R < Eoyd(©,0,(Y)) < CR.

The lower bound follows from Proposition 1.4 using the exact ghost mass; the upper bound is
the actual Bayes risk of the same unrestricted estimator.

Moreover, the Bayes-optimal risk is also < R, despite the oracle estimator being highly non-
analytic. Thus the class-wide Fano relaxation below is vacuous only as a certificate; it does
not reflect an easy Bayes problem. The same rotationally symmetric class construction can ac-
commodate an arbitrarily large finite family of priors exhibiting the separation, with markedly
different local mass profiles. Across this family, the Bayes-optimal oracle may vary substan-
tially, while the unrestricted estimator remains unchanged.

Full-class minimax risk is much larger. If

o~

S)ﬁ{mm(TM,NaT) = Hlf sup Etd(tae(y))a
0 tET]\LN
where the infimum is over all measurable estimators with values in the ambient Euclidean

space, then
cS <Rum (TN, 7) < C8S.

Thus, whenever log N/log M — oo, the full-class minimaz risk is asymptotically larger than

the Bayes risk under .

Algorithmically induced Gaussian certificate matches the selected subatlas. For the Gaussian
process
X = (Z,t>, tGTM’N,

where Z is the same standard Gaussian vector as in the location experiment Y = © + 77,
define

10



Then
Galg <E sup (X;— Xy) < Ry/log M.

SﬂLEH]W

Moreover, under the ghost/reference lawY ~ Qr = N(0, 72Ty N11),
Q-{Ox(Y) e Cy} < N2

for all sufficiently large N, and hence the ghost-selected subatlas is Hyy up to negligible prob-
ability. Conditional on ©x(Y) € Hyy, the ghost selection law is uniform on Hyr. Therefore,
after adjoining the zero anchor, the pointwise Gaussian upper theorem applied to the restricted
process on Hy; gives the matching high-probability envelope

[ M
P(VteHM: | X¢| <CR log5> >1-6.

(vi) Global Gaussian scale can be arbitrarily larger.

c_ logN
E su Xs—Xy) > cSy/logN = -—R———.
s,ueTE)J,N( ® w) = & 8 g M

Thus the global Gaussian scale exceeds the decision-aligned scale R+/log M by a factor of order
log N/log M, which can be made arbitrarily large by taking N = M*® with K — oc.

Consequently the same explicit problem sequence separates

fized-prior Fano relazation
<< algorithmic ghost-mass lower envelope

pointwise upper envelope on the selected subatlas

X

<< full-class minimax/global Gaussian scale.

1.4 Organization

Section 2 proves the pointwise Gaussian majorizing-measure theorem. Section 3 proves the Bayesian
algorithmic lower and upper bounds. Section 4 proves the separating example and pointwise cer-
tification. Section 5 closes the main text. Appendix A contains the finite-cutoff renormalization
material. Appendix B contains the graph local-time application and cover-time comparison. Ap-
pendix C records technical variants and Sudakov-type consequences.

The appendices are intentionally separated from the main Gaussian and Bayesian results. They
record structural analogies and first finite examples, rather than claiming a complete renormaliza-
tion group theory or a complete theory of local time, cover time, and blanket time.

2 Proof of Pointwise Gaussian Majorizing-Measure Theorem

The proof follows a subset-homogeneity and peeling strategy. First, for each fixed subset H C
T, we combine an anchored form of Fernique’s majorizing-measure upper bound (Fernique, 1975;
Talagrand, 1987), the ambient equivalence principle of pointwise dimension, and Borell-Tsirelson
concentration. Second, we apply the one-parameter uniform pointwise peeling lemma twice: first
to localize the Fernique-Talagrand integral ®,(x), and then to localize the variance scale from R,
to o(x). This avoids introducing a separate two-dimensional peeling corollary.
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The following uniform pointwise peeling lemma was originally developed for empirical processes
in Xu and Zeevi (2025a). It identifies minimal conditions for obtaining pointwise envelopes, up
to negligible double-logarithmic factors, without imposing unrealistic Bernstein-type or rigid sub-
root assumptions. Necessary and sufficient justifications and discussions of data dependence are
provided in Li and Xu (2026). Here we extend the lemma to general indexed processes, including
Gaussian processes.

Lemma 2.1 (Uniform pointwise peeling for indexed processes). Let {Z,}rcr be random variables,
let dy : T — [0, R], and let ¥(r;d) be nondecreasing in r and nonincreasing in 0. Assume that for
every fized subset H CT and every 6 € (0,1),

P(sup Z < sup ¢(d0(:c);5)> >1-0. (2.1)
zeH xeH

Then for every ro > 0, with probability at least 1 — &, uniformly over all x € T,

)
Z, < w(max{2do(x),ro}; o [log;(R/roﬂ> , (2.2)

where logy (u) = max{logy u,0}.
Proof. Let m := [logg (R/70)]. The sets
Hy = {x : do(z) < ro}, Hj:={x:2 g <dp(z) <2r} (1<j<m)

cover T'. Apply (2.1) to each H; with confidence level §/(m + 1), and take a union bound. On the
resulting event, if x € Hy, then

Zy < 1/}(?“0; > < ¢<maX{2d0($)7T0}; 6) ;

m+1 m+1

and if z € H; for j > 1, then 277 < 2dy(z), so

Zy < | 2ro:
x_¢< TOam_i_l

) < o (maxtzao(on ki 0 )

This proves the claim. O

We also use the following localized version of the ambient equivalence principle of pointwise
dimension from Lemma 7 of Li and Xu (2026).

Lemma 2.2 (Ambient equivalence for the localized integral). Let (T',d) be a finite metric space
and let H CT. Letp:T — H be a nearest-point selector, so that d(y,p(y)) = minpepy d(y, h), and
let pg = pyp be the pushforward of an ambient prior € A(T). Then, for every x € H and every
e >0,

MH(Bd(xv 25) = M(Bd(x7 6))

)
Consequently, for the localized functional ® in (1.1),

®,, (1) <20,(z), x€H (2.3)
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Proof. 1f y € By(x,¢), then

d(p(y), =) < d(p(y),y) +d(y,z) < 2d(y,z) < 2,

because x € H and p(y) is a nearest point in H. Hence p(By(x,¢)) C By(x,2¢), which gives the
ball-mass inequality. Therefore

4o(z) 1 20(z) 1
= _ < _— <
o) = | \/log B S S e <2,

where we used the change of variables u = 2e¢. O

Lemma 2.3 (Anchored subset majorizing-measure bound). For every fized subset H C T, every
ambient prior € A(T), and
oy := sup o(x),
zeH

there is an absolute constant C' > 0 such that

E sup X, < Csup ®,(z) + Copy. (2.4)
reH reH

Proof. Let Hy:= H U {x¢}, and let p: T — Hy be a nearest-point selector. Define the probability

measure 1

ip#ﬂ

on Hy. Fernique’s majorizing-measure upper bound (Fernique, 1975; Talagrand, 1987), applied to
the restricted process on Hy, gives

200
Esup X, < C sup / log ———— du,
reH r€Hy HWH Bd X u))

since diam(Hy,d) < 20p. For x = ¢, the integral is at most 20+/log2, because fig{zo} > 1/2.
For x € H, split the integral at 4o(x) A 20y. If 40(x) > 20y, the second interval below is empty.
On [4o(x),20y], the ball By(xz,u) contains xy, hence has jig-mass at least 1/2, so this part is
bounded by Cop. On [0,40(x)], Lemma 2.2 and the extra factor 1/2 in iy give a bound of order
®,, () + o(x). Taking the supremum over x € H proves (2.4). O

B 1
HH = ifsxo +

Lemma 2.4 (Subset-homogeneous Gaussian estimate). For every fized subset H C T, every am-
bient prior p € A(T), and every ¢ € (0,1),

P (sup Xy < Csup ®,(x)+Copn log(e/6)> >1-4, (2.5)
reH zeH

where o = sup,cp o(x).

Proof. By Lemma 2.3,
E sup X, < Csup ®,(z) + Copy.
reH reH
Realize X, = (g,v;) as an isonormal process on a Hilbert space. The map g — sup,cy(g, vs) is
og-Lipschitz. Borell-Tsirelson concentration therefore gives the desired inequality, after absorbing
the expectation term Cop into Cog/log(e/9d). O
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Proof of Theorem 1.1. Fix an arbitrary subset H C T. Applying Lemma 2.1 on the index set H,
with Z, = X,, do(z) = ®,(z), R = ¥+, and using the subset estimate (2.5), yields the following:
for every ro > 0 and every § € (0,1), with probability at least 1 —J,

M.
Ve e H : Xy < Cmax{®,(z),ro} + Con log<€6®>, (2.6)

where
Mg := 1+ [logg (®y«/70)].

Since H was arbitrary, (2.6) is now a subset-homogeneous estimate for the centered residual
Y, = X, — Cmax{®,(z),ro}
with complexity o(x). Applying Lemma 2.1 a second time, now with Z, = Y, do(z) = o(z),

R = R,, and
P(s;0) :=Cs log<€]\§¢’),

gives, with probability at least 1 — 6,

Mg M,
VeeT: Y, < Cmax{o(z),so} log<w>,

1)
where
M, := 1+ [logy(Rs/50)]-

Combining the last display with the definition of Y, proves (1.4), since M,,s, = MoM,. The
absolute-value estimate (1.5) follows by applying the same argument to —X and taking a union
bound. 0

Proof of Proposition 1.2. The upper bound follows from Lemma 2.3 with H = T, followed by
optimization over p. For the lower bound, choose x, with o(z.) = R.. Since X, =0,

R,
sup Xz > (Xz, )+, E(X, )+ = .
e T ( x )+ ( x )+ \/%

It remains to compare the optimized local functional with the classical full-radius one. Let

full o\ . 2 o 1
€9 .—/0 1/1 gi,u,(Bd(x,a)) de.

The classical majorizing-measure theorem gives

inf sup ®"(z) < Esup X,.
HEA(T) zp ’ ( )N xeg ¢

Since ®,(x) < @L“H(x) for every x, we have

inf ®,, , < infsup q)zull(:r) < Esup X,.
122 1 x xeT

Together with the radius lower bound this proves the left side of (1.6). The absolute-value statement
follows from
sup X, < sup |X;| < sup X + sup(—X,)
T xT x x

and symmetry. O
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Proof of Corollary 1.5. Let

Y = sup (\Xx| — C'lrrlax{<1>u(x),7“0})+

xzeT maX{U(UC)aSO}

By the two-sided form of Theorem 1.1, after increasing C' if necessary,

MT' S
IP’(Y>C 1og<w))§5, 5 € (0,1).

Integrating this tail gives
EY < C\/log(eMy,.s,)s
which proves (1.8). The pointwise bound (1.9) follows by dropping the supremum, and the global

bound (1.10) follows by taking 79 > ®, ., so = Ry, and then letting ro | ®, .. Optimizing over u
and applying Proposition 1.2 proves (1.11). O

3 Proof of Bayesian Algorithmic Lower and Upper Bounds

Proof of Proposition 1.4. The result is the Gaussian-process and KL specialization of the interactive
Fano method of Chen et al. (2024, Theorem 2); we give a self-contained proof. Fix 7, @, and A,
and let

E:={(tY):dttY)) < A}.

Under the true joint law P := [ w(dt)P,(dY’), write p = P(E). Under the ghost law Py := 7 ® Q,
write

g = Po(E) = pao(t).

By data processing,
Z(Q) = Dxi(P[|Py) = Dk (Bern(p)|| Bern(q)).

The elementary inequality

1
D1, (Bern(p)|| Bern(g)) > plog — — log 2
q

gives
Z:(Q) + log2
log(1/q)
Therefore 7 o2
PULEY) > Ay =1—p>1 - (@) T2
log(1/pa,q(t))
with the positive part inserted to make the bound nonnegative. Multiplying by A and optimizing
over A, @ proves (1.13). O

Proof of Theorem 1.5. For the Gaussian location experiment and the reference law Q7 ,,
1
Z.(Qrin) = [ D (N (e, 2 DIN G, 72D) 1) = 5 [ e = mlPa(dt) = Ty
T T
Applying Proposition 1.4 to O and Qr,m gives (1.16) under condition (1.15).
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It remains to relate this Bayes location error to a Gaussian range. By the comparison-decoder
condition (1.14),

1Y — gl = Y —vel* < Q(8) — (B) < 0.

Since Y = vg + 7Z, expanding and cancelling 72|/ Z||? gives
lve — vgl* +27(Z,ve —vg) <0,

and hence
|lve — U(:)H2 < 27(Z, vg — ve) = QT(X@) — X@).

Taking expectations and using Jensen’s inequality,
N2 ~
A2 < (Ed(@, @)) < Ed(0,6)% < 2rE[Xg — Xo].

This proves (1.17). O

Proof of Corollary 1.6. By the comparison condition (1.18) and the identity ¥ = vg + 77,

lve +7Z —vg|® < |I7Z||*.

Expanding the left-hand side and cancelling the common term 72| Z||?, we obtain the pathwise
inequality R
d(e, @)2 = ||lve — Ué||2 <27(Z, vg — ve) = QT(Xé — X@).

On the event in (1.19), which holds with probability at least 1 — ¢ and is uniform over all ¢t € T,
Xg — Xo < |Xgl + [ Xe| < A(O) + A(O).

Hence, on the same event,

~

d(©,0)2 < 2r(A() + A(D)),

which proves (1.20).
For the expectation bound, let E denote the event {Vt € T': |X;| < A(t)}. On E, the preceding
display gives

d(0,8) < \/27(A(0) + A®)).

On E¢ we use the trivial bound ~
d(©,0) < Dr.

Therefore

Ed(©,0) <E {\/ 27(A(©) + A(©)) 1E] + DrP(E®)

< E\/QT(A(@) + A(©)) + 6Dy,

which proves (1.21). The final claim follows by applying the absolute pointwise Gaussian envelope
(1.5) to the anchored process (X;)ierugs,) and then restricting back to T'. O
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4 Proof for Separating Example and Pointwise Certification

This section proves Theorem 1.7. The example is a finite-dimensional weighted-basis construction.
It is intentionally elementary, but it captures the benchmark separation needed for the paper: the
full ambient class is overparameterized, the correct subatlas is decision-dependent, and the actual
estimator is unrestricted over the full class but uses a minimum-norm inductive bias. The proof
keeps the discussion in separate paragraphs because each paragraph isolates one benchmark in the
separation.

Proof of Theorem 1.7. Let M, N > 2 satisfy log N > 10241log M. Let

eanla"'veM7f17"'afN

be orthonormal vectors in RM*+N+1 and define

R 1 R [logN
= S:==-71ylogN = — .
’ Viog M’ 8T o8 8 \/ log M

The assumption on M, N implies S > 4R. Set
Hyr = {Req, Rey, ..., Rey}, Cn={Sf1,...,Sfn}, Ty,n = Hy UCh,

with Euclidean metric d(s,t) = ||s — t||2. The prior is

1

F(Reo) m,

m(Re;) = i=1,..., M, ©(Sf;))=0, j=1,...,N,

= 57
and we take A = R/3. Since S > 4R, every A-ball in T is a singleton. Hence

g=(A) = sup w(Bg(a,A)) = %

a€Ty N

This proves the fixed-prior small-ball claim in part (i).

Algorithmic ghost mass versus worst-case Fano mass. Let
Y =0+171Z, O ~m, ZNN<O,IM+N+1),

and use the ghost /reference law @, = N(0, 7?1y n+1). Under Q,, the scores of the M + 1 lower-
norm points in Hj; are exchangeable. We first show that the cloud is selected with negligible ghost
probability. If a cloud point S f; beats the hub point Reg, then

20Y,Sf;) — (14 1)S? > 2(Y, Reg) — (1 + \)R2.

Under @, the random part of the difference is centered Gaussian with variance at most 472(S%+R?).
Since S > 4R and A = 64, a Gaussian union bound gives

Qf(@)\ € Cy) < N2 (4.1)

for all sufficiently large N. Conditional on 5) A € Hyy, exchangeability gives

1
M+1

QT(é)\ = Reg | @)\ € HM) =
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Consequently,

QT(@)\ = Reg) < + N2

T M+1
Since every A-ball is a singleton and 7 vanishes on the cloud,
Pr..(02) = Eveq,m(Ba(Ox(Y), A))

1 ~ 1 ~
< — = —_— <
< QQT(@)\ Reg) + 2MQT(@,\ € {Rei,...,Ren}) <

2
M
for all large M, N. Hence

1
logiA > IOgM — 0(1),

PAQ,(O))

whereas the worst-case relaxation for the same prior gives only log 2. This proves part (ii) and the

entropy separation in part (i).

Sharp algorithmic lower bound for the actual unrestricted estimator. The information

radius under @ is

E, 2 2 1
lr.@. = Eomr Dk, (N(0,721) || N(0,721)) = el _ Rr*_

272 212 2
Combining this with the ghost-mass bound, for all large M,

1

3
IW,QT + 10g2 S — lOg —_ .
SERINCRCIY

Proposition 1.4 therefore yields

Eoyd(©,0,(Y)) > ¢cA < R.

—log M.

(4.2)

This lower bound is sharp for the actual Bayesian decision problem. When © € Hy;, all true
parameters have norm R. The same score comparison as above, now under Y = © + 77, gives

P@y(@)\ €Cpy) < N2

On the complementary event, both © and &) » lie in H)y, whose diameter is at most v/2R. Hence

Ee,yd(©,0,(Y)) < V2ZR+ NS S R.

(4.3)

Combining the algorithmic lower bound (4.2) and the algorithmic upper bound (4.3) proves the

Bayes risk statement for the estimator ©):
Eoyd(©,0,(Y)) < R.

This proves the statement about the Bayes risk of the actual estimator in part (iii).
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Bayes-optimal risk is of the same order. The Bayes-optimal risk for this prior is also < R,
despite the oracle estimator being highly non-analytic. The upper bound follows from (4.3). For
the lower bound, condition on the event £ that © is one of the leaves. Under this conditional
experiment, write

JNUnif{l,...,M}, O = Rey, Y =Rej+ 727, ZNN(O,IM+N+1).

o~

Given any estimator 6(Y"), define the induced leaf classifier

-~ ~

J(v) € arg min [B(Y) - Rey|.

with ties broken arbitrarily. Since the leaves are separated by V2R, the event [|0(Y) — Rey| < R/2

implies J = J. Hence
~ R~
E[I00) -l £] = S BT £ 7| £).

Let P; = N(Rej,7Inin41), let P = Mt Zj]\/ile, and take the reference law @Q =
N(O,T2IM+N+1). Then

2

1 M I | R2 1
I(J;Y)ZMZDKL(PJ‘IIP)SMZDKL(PJ'HQ):ﬁzilogM,
j=1 j=1

where the last equality uses 7 = R/+/log M. Fano’s inequality therefore gives

~I(J;Y) +log2 S

7 >
P(TAJT|L)>1 e 2

Co
for a universal constant ¢y > 0, for all sufficiently large M. Since P(£) = 1/2 under the original
prior,

B|6(Y) - 6] > JE[J(V) -] | ] > cR.

Taking the infimum over 7 gives the Bayes-risk lower bound cR. Thus the class-wide Fano relaxation
below is vacuous only as a certificate; it does not reflect an easy Bayes problem.

By allowing the hub mass to be placed at different points of Hy; = {Reo, Re1,...,Ren},
rather than only at the original hub Reg, the same rotationally symmetric class construction can,
for sufficiently large M, accommodate arbitrarily large finite families of priors that exhibit the
separation and have markedly different local mass profiles. Consequently, the Bayes-optimal oracle
may vary substantially from prior to prior, while the unrestricted estimator remains unchanged.
This proves the statement about the Bayes-optimal risk in part (iii).

Usual Fano relaxation is vacuous for the fixed prior. Replacing the exact ghost mass by
the worst-case relaxation ¢r(A) = 1/2 gives

lr.0 —Hog;Z} [ lr.0 +10g2]
Afl— @ TP82 ) A - m@ TS5
log(1/g=(A)) ], log2 |,

Thus, for the same prior, channel, and estimator, the usual fixed-prior Fano relaxation is vacuous,
while the exact algorithmic ghost mass gives a sharp Bayes estimation lower bound.
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Full-class minimax risk has arbitrarily large gap. Let

Rom (TN, 7) :=1inf sup Eqd(6, g(Y)),
0 QETIM,N

where the infimum is over all measurable estimators with values in the ambient Euclidean space.
The trivial estimator § = 0 gives Rpm (TN, 7) < S. Conversely, restrict the parameter to the

cloud Cy and put the uniform prior on C. For any estimator 6, define

A~ A~

J(0) € arg min 19— S ;2.

~ o~ o~

If d(Sf;,0) < S/2, then J(0) = J, since the balls B(Sf;,5/2) are disjoint. Therefore

0 il
2

E,d(Sf5,0(Y)) > S P(] #J).

By Fano’s inequality with reference law N (0,721 n11),

I(J-Y)<i2—ilo N
=502 T g8

Thus, for all sufficiently large N,
~ I(J;Y)+1log2 _ 1
PJ#£J)>21— —————— > —.
(J#7) 2 log N -2

It follows that
Rum (TN, T) > cS.

Together with the trivial upper bound, this gives Rym (TN, 7) =< S, proving part (iv). Since
S/R = (1/8)+/log N/ log M, the full-class minimax risk is much larger than the Bayes risk whenever
log N/log M — oo. The minimax scale is governed by an ambient cloud that is irrelevant to the
specified Bayesian decision problem.

Algorithmically induced Gaussian certificate matches the selected subatlas. Now define
X = <Z,t>, tGTM’N,

using the same standard Gaussian vector Z as in the location experiment. We verify the comparison
condition in Theorem 1.5. The decoder minimizes ||Y — al|? + A|al|?, so (1.14) holds with Q(¢) =
Allt|? onceAQ(@A) > (O) is checked. But © € Hyy almost surely, so [[©f = R, whereas every
output of ©, has norm either R or S > R. Hence (0),) > Q(©) almost surely. Applying
Theorem 1.5 gives

Gag = Foy [Xg, ) — Xo] 2 Ry/log M.

Conversely, on the event (:),\ € Hyy, both © and (:))\ lie in Hjs, and

E sup (Xs— Xy) < Ry/logM.

S,'U/GH]\J

The event © » € Cy has probability at most N~2 under the true prior. By Cauchy-Schwarz and
the standard Gaussian maximal bound on T/, n, its contribution is negligible. Therefore

Galg <E sup (X, — Xy) < Ry/log M,

s, u€H s
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which proves the first assertion in part (v).

This also matches the pointwise Gaussian upper envelope on the selected subatlas. By (4.1),
we already have

Q{O\(Y) e Cx} < N2
for all sufficiently large N. Let

v(a) == Q{O\(Y) =a | Ox(Y) € Hy},  a€ Hu,

be the ghost selection law conditioned on the lower-norm subatlas. By exchangeability, yg is
uniform on Hjy;. Since the restricted process on Hj; consists of M + 1 Gaussian variables of
variance at most R?, Theorem 1.1 gives, up to universal constants and confidence logarithms,

IP’(WGHM: | X+ | §CR\/log]\54> >1-—0.

This proves the pointwise-envelope assertion in part (v).

Global Gaussian supremum has arbitrarily large gap. The full ambient Gaussian field has
a larger global scale because of the cloud. Comparing the cloud points with the fixed hub Reg,

Es,uSEI;“ELN(XS Xu) > IELI<nja<>§VX5fJ XReo] SElgéng] 2 Sy/log N

Using the definition of S,

1 _ logN
SylogN = —-R——.
©8 8 log M
This proves part (vi). Comparing with the decision-aligned scale R+/log M, the gap is of order
log N/log M, and taking N = M makes the ratio of order K.

O

Summary and interpretation. The construction gives a fully explicit sequence of finite-
dimensional Gaussian location problems for which

fixed-prior Fano relaxation
<< algorithmic ghost-mass lower envelope
= pointwise upper envelope on the selected subatlas

<< full-class minimax/global Gaussian scale.

The example does not claim that minimax theory is wrong or fundamentally insufficient. Rather,
it shows that a full-class minimax benchmark can be the wrong certificate for a pointwise decision
problem, while a restricted minimax benchmark can be oracle-dependent. The norm-regularized
decoder uses a fixed numerical penalty A, independent of the prior m and the problem parameters
M, N,R,S, T, while identifying the hub-leaf subatlas Hj; as the relevant subatlas is precisely the
decision-dependent information revealed by the ghost image ¥V — ) A(Y). The algorithmic ghost-
mass lower bound supplies the missing certificate: it is tied to the fixed prior, the actual estimator,
and the subgeometry selected by that estimator. This is the finite-dimensional analogue of the
pointwise-complexity viewpoint in deep networks, where the effective subatlas is induced by the
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learned representation and compressed spectrum rather than specified as a fixed restricted class in
advance.

Here we keep the cleanest finite formulation. Finite sets are already the standard setting
for Sudakov, Fano, and packing lower bounds, and they make the quantifiers transparent: the full
ambient class, the oracle restricted subatlas, the fixed prior, and the actual estimator are all explicit.
Extensions to continuous settings, as well as computational-efficiency questions concerning the full
class versus selected subatlases, are left to future work.

5 Conclusion

The paper develops three linked pointwise and algorithmic messages, and shows how they yield
separations from global complexity scales. First, for Gaussian processes, the natural refinement of
generic chaining is a simultaneous pointwise envelope for the field, not only a scalar estimate on
Esup, X,. This envelope is sharp in expectation after optimizing over the prior and recovers the
anchored Fernique-Talagrand scale. It should be useful whenever one wants to retain local field
information before taking a final supremum.

Second, the Bayesian algorithmic lower envelope gives a single-radius lower-bound counterpart
to pointwise complexity. It is an information-theoretic Bayes-risk bound for every estimator tA(Y),
expressed through the exact ghost small-ball mass Egm(Bg(t(Y),A)). The comparison-decoder
theorem turns this Bayes distance obstruction into a lower bound on a decision-aligned Gaussian
range; conversely, a simultaneous pointwise Gaussian envelope yields an algorithmic upper bound on
the same decoding risk. Importantly, we construct a weighted-basis “hub—leaves—cloud” example
for norm-regularized nearest-neighbor decoder where the fixed-prior Fano relaxation is vacuous,
the algorithmic ghost-mass lower envelope and pointwise upper envelope match on the estimator-
selected subatlas, while the full-class minimax risk and global Gaussian scale are much larger. The
key is to retain the algorithmic mass: it provides the local certificate of pointwise complexity for
fixed estimators in overparameterized ambient classes, precisely in regimes where classical minimax
theory becomes either too coarse or oracle-dependent.

Third, finite-cutoff renormalization and graph local time illustrate the same structural mech-
anism in settings motivated by physics and probability. The structural analogies between RG
and DNN, and between pointwise dimension and graph local time, show that trajectory-aligned or
selected-subatlas complexity can be intrinsically smaller than the scale obtained by passing through
a full-cover event.

Taken together, the results suggest a unified principle appears: global worst-case objects capture
genuine hardness of the full class, while pointwise and algorithmic objects can certify tractability
on the local geometry selected by a field, an estimator, or a renormalization trajectory. In this
sense, the paper connects field-level generic chaining to decision- and trajectory-aligned certificates,
thereby establishing separations between pointwise and global complexity scales.
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A Finite-Cutoff Renormalization Application

A.1 Structural analogy between finite-cutoff RG and feature-learning DNIN

This subsection makes precise the analogy between finite-cutoff renormalization and feature-learning
DNN in Li and Xu (2026), while also recording where the analogy stops. The analogy does not
rest merely on the correspondence between composite layers and RG levels. More essentially, both
settings exhibit a common feature/operator inner-product structure within each composite layer of
a DNN, or within each exponential-family RG level. This correspondence leads to the same proof
mechanism: exact finite-step telescoping, a pointwise ellipsoidal metric induced by a learned or
renormalized secant Gram, and a hierarchical atlas that separates local effective dimension from
the global price of making the prior independent of the realized trajectory.

The distinction is also important. A DNN layer has a rectangular matrix parameter and a
common input-feature matriz, so its pointwise metric has a Kronecker repetition. A Wilsonian RG
step is the operation of integrating out short-distance or fluctuation variables and rewriting the
resulting coarse marginal as an effective action. After a finite operator truncation, this effective
action is usually represented by a wvector of couplings g; = (gj1,-- -, gjpj), not by a learned matrix
weight. An exponential-family RG coordinate system is one standard finite-dimensional way to
write this truncation: one chooses operators O;, and lets the couplings g;, be natural parameters.
It is therefore best understood as a coordinate/projection model for a finite Wilsonian step, not as
a new claim that RG has neural-network-style matrices. We clarify this distinction after (A.4) and
again after Theorem A .4.

The practical value in statistical field theory is that RG is fundamentally about controlling
coarse marginals after integrating out fluctuations. For globally non-log-concave and anisotropic
interacting fields, direct scalar Lipschitz bounds or global convex-geometric arguments are often
too crude. The finite-cutoff viewpoint instead allows one to work on stable local charts where the
effective action has a curvature lower bound: directions below the finite resolution are absorbed as
approximation error, while global nonconvexity is paid for through an atlas cost. We formalize this
mechanism as an abstract deterministic complexity theorem and illustrate it through a chartwise
nonconvex phase-atlas example, as discussed at the end of Subsection A.3.

Deep-network pointwise theory Finite-cutoff RG analogue

Layer index /¢ RG level index j

Weights matrix W, Level coupling vector g;

Feature matrix Fy_ (W, X) Renormalized operator family O;(S;)

Feature Gram Fy_1 F zT—1 Secant response Gram Fj.ec

Exact layer telescoping Exact replacement over RG levels

Outer Lipschitz M,_, Stability of later RG maps M;_, ;

Active feature eigenspace Relevant /marginal active operator subspace
Grassmannian prior Phase/subspace atlas prior

Feature-rank compression Contraction or truncation of irrelevant directions
Kernel/NTK baseline Free or massive GFF baseline

Terminology for radii, resolutions, and RG levels. The word “scale” appears in several
neighboring literatures, so we keep the terminology separate. The Bayesian lower envelope is
a single-radius statement at a testing radius A, whereas generic chaining is multiresolution and
integrates over radii. The Gaussian upper theorem also uses neighborhood radii, such as ¢, rg, and
S0, only as metric resolutions. In the renormalization appendix we use RG level for the index of a
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block-spin or fluctuation integration, and finite-cutoff or finite-step for the non-infinitesimal nature
of the telescoping argument. Finally, in the separating example the numbers R and S are norms
of two different parts of the ambient class. These are related by analogy but are not the same
mathematical object.

Limiting scope relative to constructive QFT, RG approximation, and gauge fields.
The language is compatible with rigorous Wilsonian RG frameworks such as Brydges and Slade
(2015); Bauerschmidt et al. (2019), but all statements are abstract finite-dimensional and finite-
cutoff statements: they provide a structural complexity layer, not a replacement for model-specific
constructive-QFT estimates. In the four-dimensional Ising and lattice ®} setting, Aizenman and
Duminil-Copin (2021) prove marginal triviality by controlling deviations from Wick’s rule through
random currents and multiscale estimates; the issue is not amplitude control, since Ising spins
are already uniformly bounded, but Gaussianization of macroscopic observables through decay of
connected non-Gaussian remainders. Regarding the technical difficulty of Gaussianization, while
universal approximation theorems (Cybenko, 1989; Hornik et al., 1989) can approximate a finite-
dimensional RG map on a compact set at fixed cutoff, they do not provide scale-uniform error
bounds, preservation of locality or reflection positivity, or control of Wick-factorization errors.
For Yang—Mills, an analogous finite-cutoff program would have to be formulated for lattice gauge
fields and gauge-invariant observables such as plaquettes, Wilson loops, and character observables;
a mass-gap theorem would still require continuum construction, Osterwalder—Schrader positivity
and reconstruction, and uniform exponential clustering of gauge-invariant correlations (Jaffe and
Witten, 2000; Chatterjee, 2018). Thus scaling-limit Gaussianity, nontrivial continuum interaction,
and gauge-theoretic mass gaps remain separate model-specific problems.

A.2 Pointwise complexity of composite renormalization maps

Exact finite-step telescoping for composite renormalization maps. Let Sp,...,Ss be
finite-dimensional normed spaces. For each RG level j, let

'jo : Sj — 8j+1, g € Bz(Rj) C RPi|
be a nonlinear coarse-graining map. Starting from a fixed Sy € Sy, define the RG trajectory
Siv1(g) :=RY(Si(9)),  Sslg) =RYH o---oRE(S0).

This notation covers, for example, the exact Wilsonian identity

This is the finite-dimensional analogue of integrating out one fluctuation field at one RG level.
Perturbative RG expands this map; here we keep the finite map itself.

This is the sense in which the appendix uses Wilsonian RG (Brydges and Slade, 2015; Bauer-
schmidt et al., 2019) . Wilsonian RG is the coarse-graining map on actions or measures obtained
by integrating out fluctuations. Exponential-family RG is the finite-coordinate representation ob-
tained after choosing an operator family O;, and writing the retained effective action in natural
parameters g; . The exact Wilsonian step may generate infinitely many operators; the exponential-
family description is exact only if the chosen family is closed under the step, and otherwise it is a
finite-dimensional projection or truncation. In both cases the ordinary finite coordinate is a vector
of couplings.
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For two coupling sequences g, ¢’, define the hybrid trajectory

/’ ; g/.7 / .
ST RIS oo R o RIS 00 RE(S)),

with the evident convention at the endpoints. Then the following identity is exact.
Lemma A.1 (Exact RG replacement telescoping). For every g,¢’,

J .
S5(0) = S5(0) = 3 [RY 1y 1 (RY(SP) = RY1y 1 (RV(SP))] (A1)

|
—_

<.
Il
o

where SJ('j) = R?]:ll -0 R (So) and RJ Lj41 - Rii_ll oo ijll

Proof. Insert the hybrid trajectories that use g up to level 7 — 1 and ¢ from level j onward.
The difference between two consecutive hybrids changes only the scale-j map. Summing these
consecutive differences gives (A.1). O

Let p be a pseudometric (in particular, satisfying the triangle inequality) on S;. The next result
is the RG analogue of the non-perturbative DNN feature expansion in Li and Xu (2026, Lemma 1):
the finite replacement identity induces an ellipsoidal metric whose matrices are finite-scale secant
response Grams.

Theorem A.2 (Secant-Gram metric domination for nonlinear RG). Fiz g and a finite neighborhood
N(g,e). Assume that for each j:

(i) the later RG flow is locally stable: for every g’ € N(g,e) and all states U,V arising along the
corresponding hybrid trajectories,

/

P(R%_l:Hl(U),R3_1:j+1(V)) < M09, 6)|U = Vlj+1;
(i) the scale-j finite replacement is dominated by a positive semidefinite secant Gram I';(g,€):
g/. : ) . 2
"RJJ(SJ('J)) - jo(sj(']))uthl < (g5 — gj)TFj(gﬁ)(g} — ;)

Then all g € N(g,¢) satisfy
p(Ss(g) Z 95— 9;) Gi(g.e)d; —g;),  Gji=JM;;(9,¢)°Tj(g,e).  (A2)
7=0

Proof. Apply Lemma A.1, the triangle inequality for p, the local stability assumption, and the one-
step secant-Gram bound. Cauchy—Schwarz gives a factor J when the J increments are summed;
this factor is included in the definition of G);. O

How the secant Gram is verified in exponential-family RG steps. Condition (ii) in The-
©))

orem A.2 is a finite-dimensional secant calculation. Fix the state S ; and set

F(g5) =R (S])
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If F; is continuously Frechet differentiable on the finite neighborhood under consideration and the
next-scale norm is Hilbertian, then for A; = g; —gj and g;; = g; +tA;,

1
Fi(g3) — Fi(g5) —/0 DFj(gj,:)[Aj]dt,

and Jensen’s inequality gives

1
VB (g) — Fy(g) |40 < AT ( / Dmgj,t)*ij,t)dt) A, (A.3)

Thus condition (ii) holds with the pairwise secant Gram in parentheses, or with any positive-
semidefinite Loewner envelope that dominates it uniformly over the finite neighborhood. For an
exponential-family RG step

RY(S)(®) = ~log [ exp{=S(® +6) = Y 0.040(® + ) Jars (),

a=1

one has
99, RI(S)(®) = Ej0 g[0),a(® + )]

Consequently the secant Gram is the Gram matrix of the finite-scale response functions

1
ifgb(gvgl) = /0 <m§,a’m§7b>j+1dt7 mz',a(q)) = j,@,gj,t[oj,a(q) + w)] (A4)

This is the precise RG analogue of the learned feature Gram matrix in the DNN pointwise metric.
The word “analogue” here means “response-Gram analogue”, not “identical matrix-layer analogue”.
The DNN metric block is Fy_1 F Zl ® 14, because the same incoming feature Gram is repeated over
dg output rows. The generic RG secant Gram I} € RPs *Pj acts on the coupling vector g;. Without
additional channel structure it does not produce the Kronecker repetition that balances DNN local
and atlas costs.

Free Gaussian RG as the fixed-kernel baseline Let = E¢x ® EF be finite-dimensional and
let a centered Gaussian field have precision matrix

0= (QCC Qcr

- \Qrc QFF> ' Qrr - 0.

Define the Schur-complement precision
Q¢ == Qco — QerQppQrc.
Then marginalizing the fluctuation variables gives ¢ ~ N (0, (Q%G)_l), and conditionally

or = —QppQrcdc + ¢, ¢~ N(0,Qrp)

independently of ¢¢. This is a fixed-kernel RG step: all pointwise complexity is determined by the
Schur-complement covariance and the fluctuation covariance. It is therefore analogous to a kernel,
GP, or NTK model rather than to nonlinear feature learning.
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Hierarchical phase/subspace prior. For a positive semidefinite matrix G € RP*P, a Euclidean
radius R, and a resolution u > 0, set the effective rank and the effective subspace

Te (G, R, 1) := max{k : \y(G)R? > u?}, Vet (G, R, u) := span{top r.g eigenvectors}

with the convention max @ := 0. Define the effective dimension

Teff (GvRau)

2
degt (G, R, w) ::% > 10g<8R2§(G)>. (A.5)

k=1
The following elementary estimate is the local-chart calculation used throughout. For subspaces
V,V C RP, write
pproj,c(V, V) 1= HGl/z(PV = Py)llop-
Lemma A.3 (Ellipsoidal local chart). Let r = reg(G, R,u), let V. = Vog(G, R, u), and let V €
Gr(p,r) satisfy
_ U
oV V) < —.

pprOLG( ; ) = 4R

Let my be the uniform law on Ba(2R) N'V. Then uniformly over g € Ba(R),

Te (G,R,u)
1 1 (40R2>\k(G)>
lo < = log( ——~—2 ) < 1.5deg (G, R, ).
Sl —9) Gl —g) <u?) 2 ; ¢ w2 < L5degr( )

Equivalently, replacing u by a constant multiple gives the displayed local-chart bound used in Theo-
rem A.J.

Lemma A.3 is based on the same finite-dimensional volume-ratio argument used in the DNN
local-chart bound of Li and Xu (2026, Lemma 2); we refer to Li and Xu (2026, Section C.3) for the
proof. There are only two minor changes. First, for simplicity, we enlarge the global radius of the
prior support from 1.58R to 2R, which does not affect the argument. Second, in the final step we
use the cutoff definition (A.5) of the effective dimension to obtain

1 Toft (G,R,u)

40R? N\, (G) log 5
2 g — 53— ) = <1. .
2 ; Og( w2 det (G, R, u) + 5 reit (G, Ryu) < 1.5 deg (G, R, u)

This observation also shows that the absolute-constant rescaling of the radius in effective-dimension
terms of the form deg(G,C - R,u) in Li and Xu (2026) can be refined to an absolute-constant
multiplicative factor C - deg (G, R, u), while keeping the effective-rank term at the original radius R.
We leave the systematic incorporation of this refinement into the formal statements of Li and Xu
(2026) and related follow-up work to future versions.

Let Aj be a finite set of phase labels at level j, with prior weights ¢;(a) > 0. Conditional on
a phase label a and rank 7, let vj,, be a prior on the Grassmannian Gr(p;,r). For G; = G;(g,¢),
define the atlas cost

1
I/j,(l]',T]' (Bpproj7Gj (V]’ u]/(4R])>) 7

where r; = reg(Gj, Rj,uj), V; = Veg(Gj, Rj,u;), and a;(g) is any chart containing the trajectory
at level j.

A;(g,e,u;) = log (1(9)) +log(1 4+ p;) + log (A.6)

q;\a;
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Theorem A.4 (Finite-scale RG pointwise dimension). Assume the metric domination (A.2).
Choose resolutions uj > 0 such that 231:—01 u? < ce?. Construct a trajectory-independent hierar-
chical prior 11 by independently, at each level j, sampling a phase label a, an effective rank r, a
reference subspace V. € Gr(pj,r), and then sampling g; uniformly in Ba(2R;) N'V. Then, there

exists an absolute constant C' > 0 such that uniformly for every trajectory g,

J

1
log m <C [dei (G(g,€), Rj, u;) +Aji(g,€,u;5)] . (A7)

|
—

Il
o

J

Proof. For each scale choose the phase label a;(g), the active rank r;, and a reference subspace VJ
within projection distance u;/(4R;) of V. Lemma A.3 gives the local prior mass of the ellipsoidal
uj-ball inside this chart. Multiplying the scale-wise prior masses and incorporating the phase, rank,
and subspace probabilities yields the right-hand side of (A.7). For a detailed explanation of the
corresponding decomposition, we refer to Li and Xu (2026, Section 3.3.3). Finally, if each scale
perturbation lies in its ellipsoidal u;-ball, then (A.2) and }_, u? < c£? imply ¢’ € B,(g,¢). Hence
the product event is contained in the p-ball, and its prior mass lower-bounds II(B,(g, €)). O

The theorem is the RG counterpart of the DNN Riemannian-dimension calculation. The local
term deg is the effective dimension of the finite-scale response Gram. The atlas term is the price of
making the prior independent of the realized RG trajectory. Irrelevant directions do not contribute
once their eigenvalues fall below the finite resolution; relevant and marginal directions are precisely
the active directions that remain in the sum.

The theorem deliberately leaves 2; explicit. As in the DNN setting, structural mechanisms
are needed to make the global-atlas cost comparable to the local-chart cost, but the mechanism is
model-dependent. In DNN; this balance comes from the matrix-weight /common-feature structure
and the resulting Kronecker-repetition metric. In genuine RG settings, it must instead come from
physical structure in the operator atlas, with the nonconvex example below providing a clean
instance of cost balancing without a DNN-style matrix structure.

A.3 A finite nonconvex phase-atlas example

The previous theorem is abstract. We now give a concrete finite-volume chartwise example. The
point is not to construct a full continuum double-well field, but to show how a globally non-log-
concave finite measure can be controlled after it is decomposed into stable phase charts. Let
E =FEc® Er, let A be a finite set of phases, and let

v(déo,dgr) = Y wava(dpc,dér),  veoce 5W0Ct1g . o décddr,
acA

where the sets (¢4, are closed convex sets with nonempty interior. The mixture may be
globally non-log-concave and multimodal. Assume that, on each chart,

A, B _
V2Sa(¢0, ¢r) = Hy = <B% D“) ., D,=0, HN:=A,-B,D;'B] ~o0.
a a

Theorem A.5 (One-step nonconvex phase-atlas RG stability). Under the preceding assumptions,
the coarse marginal is again a finite phase-atlas mizture

vo(dpe) =D wived(dde),  vea e S W1, du,
acA
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where the weights w} are the corresponding normalized marginal weights (in the convention that
each v, is already normalized, wi = w,) and

S};‘G(u) = —log/ e~ Salwv) gy,
QF,a

Moreover, SRG is HRG _strongly convex. Hence, for any finite family of coarse linear observables
Yy (u) = (v, u), the centered chart process Yy — By Yy is sub-Gaussian with canonical metric

da(x,y)z = (Vg — vy, (H};{G)_l(% — vy)).

Consequently, the standard sub-Gaussian chaining and variance-peeling arguments, applied chart by
chart with the comparison metric induced by (HX)™1, yield simultaneous chartwise envelopes. If
one wants a single event valid on all phase charts, allocate confidence levels §, across charts; this
adds a chart cost log(1/d,), for instance log(1/w]) under weight-proportional allocation or log|A|
under uniform allocation.

Proof. The marginal formula is the definition of integration over Er. The Schur-complement lower
bound follows by completing the square:

[

.
(“) H, <Z> —=u HRSy + (v+ D;'BJu) " Do(v+ D, Bl u).

Moreover,

HRG B,D-'B" B
_ a — a~q a a = 0.
w5 0)= (M B =0

Hence S, (u,v) — %uTH RGy is jointly convex on the product chart. Including the indicators of the
convex sets ¢, and Qp,q, the Prékopa-Leindler theorem implies that SEC (u)—1u " H}Su is convex
on Q¢ 4. Thus the coarse chart is H, };{G-Strongly log-concave. Brascamp-Lieb and Herbst then give
the stated sub-Gaussian bound for linear observables (Brascamp and Lieb, 1976). The envelope
follows from the usual generic-chaining upper bound for sub-Gaussian increments, followed by the
same pointwise peeling used in the Gaussian proof on each chart and the confidence allocation over
a € A described in the theorem. O

Proposition A.6 (Phase-atlas bound versus global Lipschitz/full-cover bound). In the setting of
Theorem A.5, suppose that the coarse observables are indexed by a finite full class Tea,

YIE(U) = <vm7u>7 HAS 7}ulb
and that each phase a € A comes with a selected subfamily T, C Tean. Write

Za,m =Y, — Euc,ayxa ga(x)Q = <Ua:7 (H(I;{G)_lvx%

L := sup Lq(x), Lgiob == sup sup (), My == [Trun|-
€T, a€A x€Trun
Equivalently, if HRG = Aglobd for all a and ||vz||2 < Lgue, then Lgol, < Liuc/+/Aglob, which is the
usual global Lipschitz constant after the worst curvature normalization. Let ¢ € A(A) be an atlas
prior with q(a) > 0. Then for every a € A and 6 € (0,1),

2
VoS SUp |Zge| < CLgy/log [ 7al
€T, 5(](@)

} >1—9q(a). (A.8)
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By contrast, the global Lipschitz bound obtained by ignoring the phase/subatlas structure and cov-
ering the full class by singletons gives, uniformly for every a € A,

oM,
uc,a{ SUp |Zaz| < CLgont/log (;““} >1—06. (A.9)
€ Trun

Thus the selected phase-atlas certificate pays the local class size and the code length log(1/q(a)),
while the global full-cover certificate pays the full class size Muy and the worst Lipschitz constant
Lgion. If the selected phase is fived in advance and no trajectory-independent atlas code is needed,
the factor q(a) in (A.8) can be omitted. For infinite or continuous observable classes, the singleton
cardinalities in (A.8)—(A.9) are replaced by the corresponding metric covering or chaining integrals;
the same comparison is between a selected chart cover and a full class-wide cover.

Moreover, the separation can be strict. Fiz integers N, K > 2. Let A ={1,...,N}, let Ec =
RNEAY) with orthonormal coordinates €a,01€aly - - - €a, K, and put

1
SBG(U) = 5”” - ma”%v mq = Begp, B > 44/log N.

Then vea = N(mg,I), HRG = I, and, with weights wy = 1/2 and w, = 1/[2(N —1)] for a > 2, the
mizture Y, WalC,q 15 globally non-log-concave. Define

7}1111::{([),]{):1§b§N,1SkSK}, Y;'Lk(u):<eb7k,u>, E:{(a,k)lngK}

For the selected phase a, =1, choose an atlas prior with q(1) > qo > 0. Then L,, = Lgiop = 1,

Eye, sup |Z1 4] < \/log K, (A.10)

z€T1

whereas

Eye, sup |Z1z| < /log(NK). (A.11)

z€Trun

Consequently, if log N/log K — oo and q(1) stays bounded below, the global Lipschitz/full-cover
scale is larger than the selected phase-atlas scale by an unbounded factor. If instead the atlas
prior is uniform over all phases, then log(1/q(a)) = log N, and this particular atlas advantage
disappears; the separation is precisely a statement about a nonuniform or trajectory-aligned phase
code, not about a free reduction of an arbitrary unknown phase.

Proof. By the strong log-concavity conclusion of Theorem A.5, the Herbst argument gives, for every
a and x,

N2, (x)?
Eye , exp{AZ .} < exp <2(a:)> , AeR.

Hence )
t
a Zaz t §2 Y ERY) 9
vollZusl > 1) < 200 (=51
z)

with the evident deterministic interpretation when ¢,(z) = 0. A union bound over x € 7, followed

by the choices
[ 2[Tal [, 2Mpy
t=CLg,/log 5q(a) and t = CLgn1/log 5
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proves (A.8) and (A.9), after adjusting the universal constant C. This is the full-cover proof: it
uses only the worst Lipschitz scale and the number of points in the full observable class, and does
not exploit the selected subfamily 7.

It remains to verify the strict example. The Hessian of each quadratic chart is exactly the
identity, so all chart assumptions hold with HXS = I. The mixture is not log-concave when
the means are sufficiently separated. Indeed, compare two phases, say 1 and 2, and write ¢ for
the standard Gaussian density in Fc. At m,;, the mixture density is at least w;p(0), while at
z = (m1 4+ ms)/2 it is at most p(0)eB*/4. For the displayed weights and B > 4,/log N, this
is smaller than ,/wiw2¢(0) for every N > 2, contradicting the midpoint inequality required by
log-concavity. Thus the example is genuinely non-log-concave.

Under vo1 = N (mq, I), the centered variables

Zl,(b,k) - }/l-),k - El/c’l}/;),k - <eb,/€7 G>7 G ~ N(O7 I):

are independent standard Gaussians over (b, k) € Tryy. Therefore the standard Gaussian maximum
estimate gives

E max |G| = +/logK, E max |Go.ie| < \/10g(NK).

1<k<K 1<b<N,1<k<K

These are exactly (A.10) and (A.11). Comparing these estimates with (A.8) and (A.9) proves the
claimed strict separation. O

Corollary A.7 (Pure-phase charts for a finite-volume double-well ®* model). Let G = (V, E) be

finite and .
S(¢) = ) Z Cuv (Pu — ¢v)2 + A Z(¢3 - a2)2.

{u,v}eFr ueV
Fiz m > a/\/3 and define phase charts
Q+ = {¢ . Cbu >m VU}, Q_ = —Q+.

The restrictions of e 5@ d¢ to Q4 and Q_ define two stable phase charts. A finite mizture of these
chart measures is generally non-log-concave, but every chart has Hessian bounded below by

Lo + 4X(3m? — a®)I.

Therefore Theorem A.5 applies to every finite decomposition of variables V.= C U F, and one
nonlinear coarse-graining step preserves a two-chart pointwise-complexity envelope for these pure-
phase restrictions. To cover the full double-well Gibbs measure one would need additional charts,
for instance droplet or interface charts, and corresponding chartwise Hessian bounds.

Proof. On either chart, |¢,| > m, and

d2

ﬁ)\(tQ —a?)? = 4\(3t% — a®) > 4\(3m? — a?) > 0.

Adding the graph Dirichlet Hessian gives the displayed lower bound. The result follows from
Theorem A.5. O
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Interpretation of the non-convex phase-atlas example. The finite nonconvex phase-atlas
example should be read as a finite-cutoff bridge between convex concentration theory, high-
dimensional geometry, and interacting-field intuition. Within a single stable phase chart, the
measure is strongly log-concave: a uniform Hessian lower bound gives Brascamp-Lieb covariance
domination and, through logarithmic-Sobolev/Herbst arguments, Gaussian-type concentration for
linear and Lipschitz observables (Brascamp and Lieb, 1976; Bakry and Emery, 1985). A mixture
of several such charts, however, is generally not log-concave and may be genuinely multimodal,
so there need not be a single global convex potential or a single global Gaussian comparison.
The phase-atlas decomposition restores tractability by separating these effects. Chartwise, the
Schur-complement Hessian gives the local Gaussian comparison metric and hence the pointwise
ellipsoidal complexity; globally, one pays an explicit atlas cost for selecting the relevant phase and
active subspace.

This distinction is also natural from the viewpoint of convex geometry. Ordinary log-concavity
gives powerful isoperimetric and tail estimates, and one-dimensional marginals of isotropic log-
concave measures have universal sub-exponential tails (Borell, 1975; Lovasz and Vempala, 2007).
It does not, however, by itself provide dimension-free Gaussian-type control in all directions. The
Kannan—Lovasz—Simonovits conjecture is a central benchmark for dimension-free isoperimetric and
Poincare-type control of isotropic log-concave measures (Kannan et al., 1995). The finite-cutoff
viewpoint used here is different. Rather than trying to prove such global dimension-free control
for an arbitrary log-concave measure, we work on local charts where the cutoff and the quadratic
part of the effective action give a uniform curvature lower bound. On each chart this strong
log-concavity yields Gaussian-type comparison in the anisotropic Hessian metric. Global non-log-
concavity is then handled by the phase atlas, and directions below the finite resolution are paid
for as approximation error rather than controlled through a global Cheeger constant. In this sense,
the pointwise-complexity theorem gives an explicit spectral version of a local convex-geometric
principle with global, finite-cutoff extension.

B Graph Local-Time Application

B.1 Local time versus cover and blancket time

We give a specialized application of the pointwise-complexity principle to the control of local times?

in Gaussian free fields. The results separate two distinct ways of using Gaussian information,
highlighting the advantage of a field-level route. In the field-level route, one fixes a target set,
controls the pinned GFF on that set by a pointwise envelope, and then transfers the resulting
estimate through the Ray—Knight theorem to a local-time statement. In the global route, one first
establishes that the entire graph has been covered and only afterwards deduces that the target set
has been visited. These two stopping-time arguments may occur at different scales.

We prove this separation on phase-star hierarchies. A target subatlas I is encoded by an atlas
prior ¢, and the same ambient pointwise envelope can be evaluated on the selected target. The
exact law

Plrr<7(t)}=(1- eit)m, P{7eov < 7(1)} = (1 — eft)N

shows that target cover has intrinsic inverse-root-local-time scale log |I|, whereas any route through
full cover pays log N. The pointwise envelope pays the target code length log(|I|/q(I)), and the
chart-decorated phase-star adds a compressed within-chart term.

*Local time is a standard tool towards cutoff-uniform local integrability control in constructive QFT (Dynkin,
1984).
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For readers coming from learning theory rather than probability, this is the graph version of
the local /global separation. The selected target set I plays the role of a pointwise subatlas; the full
cover or blanket event plays the role of a global covering number over all phases. The similarity
between pointwise/local dimension, covering number, cover time, and blanket time is only partially
developed here, but the star examples make the basic scale separation explicit.

Pinned GFF on graph, local time, and Ray—Knight. Let G = (V| E, ¢) be a finite connected
weighted graph with symmetric conductances ¢z = ¢y, > 0, where ¢y > 0 exactly when {z,y} € E.

Write
Cp i= E Cay-
yev

The weighted graph Laplacian acts on functions f: V — R by

(L) (@) =Y cay(f(2) = F())-

We consider the continuous-time random walk, started at a distinguished root vy, that jumps from
x to y at rate cgy/c,. Its normalized local time is

Li(z) = 1 /Ot 1{X; =x}ds, 7(t) :=inf{s > 0: Ls(vg) > t}.

Cx

The pinned Gaussian free field with root vy is the centered Gaussian vector n = {n;},cy such
that 7,, = 0 almost surely and whose covariance is the killed Green function

E[ﬁxﬁy] =Ty, ($7 y) =E, [LTUO (y)]a

where T,, is the hitting time of vg. Equivalently, this covariance is the inverse of the pinned
Laplacian on V' \ {vg}. Its canonical metric is

d(z,y) = (Eln. —n,)"? = V/Rear(z, ),

where R.g is the effective-resistance metric of the conductance network.
We use the following finite-graph form of the second Ray—Knight theorem (Dynkin, 1984). Let
7’ be an independent copy of the pinned GFF.

Proposition B.1 (Second Ray—Knight isomorphism on a finite graph). With the above normal-
ization, under the product law of the walk and the independent fields (n,n’),

(L@ +42) 2 (30 +vaD?) . (B.1)

zeV

In particular, L) (vo) =t almost surely.

Cover and Blancket Time. For a finite connected conductance graph G = (V, E, ¢), let 7¢oy be
the first time every vertex has been visited, and write

teov(G) == max Ey[Tcov]- (B.2)

A Dblanket time strengthens cover time by requiring that the walk has accumulated roughly station-
ary proportions of visits at all vertices. One convenient strong version leads to

th(G,0) == ma&cEv[Tbl(é)]. (B.3)

veE
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Main results on local-time envelopes and cover/blanket criteria. Let H C V be a target
set. The proof below only requires a deterministic envelope for the pinned GFF on H. Such an
envelope may be obtained either by applying Theorem 1.1 to the restricted field on H U {vg}, or
by applying it once to a larger ambient field and then evaluating the resulting bound on H. This
distinction is useful in the phase-star examples, where one ambient atlas prior is fixed before the
target subatlas is selected.

Corollary B.2 (Target-set pointwise local-time envelope). Let Ag(+;0) be any deterministic func-
tion satisfying
P{|ns| < Ap(x;0) forallz e H} > 1 -6

for the pinned GFF. Then, under the law of the walk, with probability at least 1 — ¢,
1
Vo € H : [t — V2t Ap(2;6/2)], < Lrgy(x) <t+ V2t Ag(2;6/2) + 5 An (; §/2)%2.  (B.4)
Let
Th = 1inf{s > 0: Ly(z) > 0 for every z € H}

be the target-cover time of H. The preceding envelope gives the following target-cover and target-
blanket criterion.

Corollary B.3 (Target cover and target blanket criterion). Assume that for somet >0, H CV,
and 6 € (0,1/v/2),

sup Ap(z;8/2) < 6/t
zeH

Then, under the law of the walk, with probability at least 1 — 9,
1
(1= V20)t < Ly () < (1 +V20+ 592)75 Vo € H.

In particular, Ty < 7(t) on this event, and

Lrw() _ 1+\@9+92/2_

ma
u,ve)I({ LT(t) (U) B 1-— \/59
Proof of Corollary B.2. Set
1 1
Az = AH($75/2)7 UZ = LT(t)(x)—i_iT/iv VZE = §(W;+@)27 r e H.

By Theorem B.1, (Uy)perr = (Va)sen. Define

1 1
D, = 5(\@_ A2, Byi=t+V2tA+ iAi.

By the envelope assumption applied to the independent copy 7/, the event {|n}| < A, for all x € H}
has probability at least 1—4§/2. On this event, D, <V, < B, for all x € H. Equality in distribution
therefore gives

P{D,<U,<B,forallze H} >1-4/2.

Applying the same envelope to n itself and taking a union bound, with probability at least 1 — 4,
we also have |n,| < A, for all x € H. On the intersection of these events,

1
Ly (x) = Us = 50z < Ba,
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and )
> D, — —A2.
Loy(x) 2 Dy — 5 42

Using nonnegativity of local time and the identity
1 1
max {0, LA AL 2,4;} - VaiAL,

gives (B.4). The event in the conclusion depends only on the walk, so the same probability bound
holds under the walk law. O

Proof of Corollary B.3. Under the displayed small-envelope assumption, Corollary B.2 gives, simul-
taneously for all x € H,

Lypy(z) > (1=V260)t >0
and

1
Ly(x) < (1 +v260 + 502)15.

Thus every vertex in H has been visited by time 7(¢), and the displayed ratio bound follows by
dividing the upper estimate by the lower estimate. O

B.2 Separating examples: target subatlas versus full cover

We now give a finite graph model that separates direct target-local-time control from a reduction
through full cover time. If a deterministic target set is fixed in advance and one is allowed to redo
the entire Gaussian analysis on that target alone, then classical generic chaining on the restricted
field has the correct target scale. The point here is different. We fix one ambient atlas prior before
the target is selected, and then evaluate the same pointwise envelope on any target subatlas. The
target scale includes the code length of the selected subatlas under this prior. A proof that first
establishes full cover loses this target dependence, because it must cover every phase.

Theorem B.4 (Phase-star target subatlas versus full cover). Let Sy be the star graph with root vy,
leaves {1,..., N}, and unit conductances. Let T be a collection of nonempty subsets of {1,..., N},
and let g € A(Z). For I € I, set

Hr =1, 77 :=inf{s > 0: Lg(i) > 0 for every i € I}.
Let 7oy be the cover time of the whole star. Define the ambient prior

1 1 1
Hg = 500 + JUnif{L... N} + - > " q(I) Unif(1). (B.5)
IeT

Let Ay(i;0) be the two-sided pointwise Gaussian envelope from (1.5) applied to the full pinned GFF
on SN, with prior jiq, with ro = sg = 1, and with constants enlarged if necessary. Then the following

hold.

(i) The pinned GFF satisfies n1,...,nn independent N(0,1). Moreover, with probability at least
1 — 9, simultaneously for all I € T,

4|1 2 + loglog(N + 3)
\/logqu_) + \/log( 5 )

Consequently, the same deterministic right-hand side may be used as sup;cr Aq(i;9) in the
Ray—Knight local-time envelope.

sup|n;| < C
el

(B.6)
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(ii) For every 0 € (0,1/v/2), there is Cy < oo such that, for each I € T,

A1
t>Cy [log +log<
q(I)
The probability statement is for the selected target I. The prior p, and the Gaussian envelope
are fized independently of that selection.

2 + loglog(N + 3)
)

ﬂ — P{r<r(t)}>1-04. (B.7)

(iii) The exact inverse-root-local-time laws are
P{rr <7(t)} = (1 —e O Plro, <7(t)} = (1 —eHV. (B.8)
Thus the (1 — §)-quantile for covering k prescribed leaves is
a(8) == —log (1 (1 —5)l/k) = logk + O5(1). (B.9)
In particular, qn(0) — q)71(6) = log(N/|I|) + Os5(1). Hence, whenever

1
log iLik = o(log N),

q(I)
the direct target-local-time route has an inverse-root-local-time scale asymptotically smaller
than the scale required by any argument that certifies the same target event only through full
cover.

Proof. For the star graph, the pinned Laplacian on the leaves is the identity matrix, so the pinned
GFF has covariance Iy. For a leaf i, o(i) = d(i,vy) = 1, and the star metric satisfies d(i, j) = v/2
for distinct leaves. If ¢ € I, then (B.5) gives

: q(1)
1q({i}) = ik

Since the metric diameter of the star leaves is bounded by an absolute constant, the localized
Fernique—Talagrand functional satisfies

411
®,,0)<C logﬂ (tel).

- q(I)

The uniform component gives p,({i}) > 1/(4N) for every leaf. Hence ®,, . < C/log(N + 1). With
ro = S0 = 1, the peeling multiplicity in Theorem 1.1 is bounded by a constant times 2+loglog(N+3).
The two-sided pointwise Gaussian theorem gives (B.6). Applying Corollary B.3, with the usual
confidence split, gives (B.7) after increasing Cy.

It remains to prove (B.8). During visits to the root, the walk waits an exponential time of rate
one before departing and then chooses one of the IV leaves uniformly. Since ¢,, = N, accumulated
root occupation time at 7(t) is Nt. Therefore, per unit normalized root local time, departures
from the root form a Poisson process of rate N with independent uniform leaf marks. By Poisson
thinning, for each leaf 7, the number of excursions from the root to i before 7(t) is Poisson with mean
t, and these counts are independent over leaves. A leaf has positive local time by 7(¢) if and only if
it has been chosen at least once. This gives the two identities in (B.8). Solving (1 —e ¥ >1-§
gives (B.9), and the asymptotic formula follows from (1 — 6)/% =1 + k= 'log(1 — ) + o(k~1). O
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The collapsed star has no within-phase geometry. The next theorem adds a local chart to each
phase. It is a graph analogue of a phase/subspace atlas: the prior first pays for selecting a target
subatlas, and the effective resistance inside each dense chart suppresses the within-chart fluctuation.
This gives a concrete finite-graph analogue of the phase/subspace atlas cost in Appendix A.

Theorem B.5 (Decorated phase-star subatlas theorem). Fiz N, K > 1 and k > 0 with k(K +1) >
1. Let G,k be the conductance graph with root vo, phase centers ci,...,cn, and local chart
vertices zq 1, . .-, 2a,Kk for each phase a. The root is connected to each cq by an edge of conductance
one. For each a,

Ca = {CaZa1; -+ 7K }

is a complete graph with edge conductance k, and there are no other edges. Let T be a collection of
nonempty subsets of {1,..., N}, and let ¢ € A(Z). For I € Z, define the decorated target

HI,K = U Ca.
acl

Define the ambient prior

N
1 1. 1 .
fq K = 561,0 + ZUmf (U Ca> + 1 E q(I) Unif (U C’a> . (B.10)

IeT acl

Then the following hold.

(i) The effective resistance within a phase is compressed:

2
Reﬂf(fﬁ, y) < K

(K + 1)7 T,y € Ca’ (B]']')

while

2
Reg(vo,cq) =1, Reg(vo,z) <1+ -

MR °C Ca. (B.12)

(ii) Let Ag i (x;0) be the two-sided pointwise Gaussian envelope from (1.5) applied to the full
pinned GFF on GN k., with prior pg i, with ro = so = 1, and with constants enlarged if
necessary. Then, with probability at least 1 — §, simultaneously for oll I € T,

A1l 1 AI|(K +1)
sup |n.| < C|4/log + log
o \/ ) \/ KD % g0
(B.13)
. \/10g<2 + loglog((N + 3)(K + 3)))
5
Consequently, for every 6 € (0,1/v/2), there is Cy < 0o such that, for the selected I,
4|I] 1 4I(K 4+ 1)
t>Cy|log + og

| T R+ 1) a()

(B.14)

. 1Og<2 + loglog((]\g—l— 3)(K + 3))> ] |

implies
P{Th, . <7(t)} > 14,
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(iii) Let 7oy be the cover time of the full decorated graph, and set C¢" := {c1,...,cn}-
P{C$™ C X[0,7(t)]} = (1 — e HN. (B.15)
Since full cover implies that all phase centers have been visited,
P{7eoy < 7(1)} < (1 — e HN. (B.16)

Thus any argument that proves target cover only by first proving full cover at confidence 1 — §
must use inverse-root-local-time at least qn(0) from (B.9). If, for fized § € (0,1),

1 | (K + 1)
e T RETD T

+ loglog((N + 3)(K +3)) = o(log N),

then the sufficient scale in (B.14) is o(qn(0)), while P{7coy < 7(t)} — 0 along that scale.

The decorated phase-star should be compared with the DNN and RG examples as follows. The
centers ¢, are global phase labels, while each clique C, is a local chart. The envelope in (B.13) has
a target-atlas code log(4|I|/q(I)) and a compressed within-chart term (k(K + 1))~ log(4|I|(K +
1)/q(I)). The latter is small when the clique conductance is large, just as irrelevant RG directions
or compressed DNN feature directions are small below finite resolution. Any argument through full
cover ignores this selected atlas and pays the coupon-collector scale log N.

Proof. The resistance estimate inside C, is the standard effective resistance of a complete graph
with K + 1 vertices and edge conductance s, namely 2/[x(K +1)]. Since ¢, is the only vertex of C,
connected to the root, attaching the remaining clique to ¢, does not change the effective resistance
between vy and ¢,; hence Reg(vo,c,) = 1. The triangle inequality for effective resistance gives

(B.12).
B 2
o * k(K +1)

Put
For z € C, and a € I, the ball By(z, ax ) contains Cy by (B.11). Under p4 g, this ball has mass at
least q(I)/(4]I]). For smaller radii, the singleton mass is at least q(I)/[4|I|(K + 1)]. Also o(z) <2
by (B.12). Therefore, for = € C, with a € I,

4|1 4III(K +1
3, . (2) < Oy 1og 1| 1 c¢rl<>

q(1) q(1)

The uniform component in p, x gives singleton mass at least 1/[4N(K + 1)], and hence @, . <
C+/log((N + 1)(K + 1)). With rg = sg = 1, the peeling multiplicity contributes only the displayed
loglog((N + 3)(K + 3)) term. This proves (B.13). The target-cover implication follows from
Corollary B.3 as in the proof of Theorem B.4.

Finally, each departure from the root chooses one of the phase centers uniformly, and the
same Poisson-thinning argument used in Theorem B.4 gives (B.15). Since full cover requires every
phase center to have been visited, (B.16) follows. The final asymptotic statement follows from
gn(0) =log N + Os(1). O
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Relation to classical cover-time theory. Let H(u,v) be the expected hitting time from u to
v, and define the commute-time metric

k(u,v) = H(u,v) + H(v,u).
Let C := )y ¢z be the total conductance. The commute-time identity gives
K(u,v) = C Regr (u, v).

For an unweighted graph, C = 2|E|. If n = {n, }ser denotes the pinned GFF, then E(n, —n,)? =
Reg(u,v).

Proposition B.6 (Ding-Lee-Peres (Ding et al., 2012)). For any connected conductance graph
G = (V,E,c) and any fired 0 < 6 < 1,

teov(G) = 2(Viv&)? = €V v/Ret)® =5 (G, 9). (B.17)
FEquivalently, ,
toow(G) = C- (Erglea&(nv) . (B.18)

Proposition B.6 is a global theorem: it identifies the time scale needed to cover every vertex.
The local-time estimates above are not meant to recover this general cover-time characterization.
Rather, they address a different question by comparing local time and cover time through their
defining events. They retain a single ambient field-level envelope and evaluate it on a selected
subatlas before any full-cover event is invoked. Theorems B.4 and B.5 show that, on the phase-star
example, this distinction can be strict. On the star, a selected target I has inverse-root-local-
time quantile log|I| + Os(1), while full cover has quantile log N + Os(1). The pointwise target
envelope pays the atlas code length log(|I|/q(I)); in the decorated star it also pays the compressed
within-chart term (k(K + 1))"'log(|I|(K + 1)/q(I)). Any argument that first passes through the
full-cover event necessarily pays the coupon-collector cost associated with all N phase centers. If a
target set is fixed in advance, and the Gaussian analysis is allowed to be restricted to that target,
then classical generic chaining applied to the restricted field can recover the corresponding target
scale. The purpose of Theorems B.4 and B.5, however, is different: they construct a simultaneous
envelope valid uniformly over all target subsets I. The pointwise formulation is what makes this
possible. It retains the dependence on the selected subatlas under a single ambient prior, rather
than collapsing the analysis at the outset to the full-cover event.

C Technical variants and Sudakov-type consequences

In this section, we derive a Sudakov-type comparison from the Bayesian algorithmic lower bound for
the nearest-neighbor decoder via a supremum relaxation. Our aim is conceptual: to show that the
global Sudakov scale may be viewed as a coarse relaxation of a more localized algorithmic certificate.
We use this route only to clarify the soundness and intuition of the approach. Recent concurrent
work (Zadik, 2026) shows that a comparison between nearest-neighbor and Bayes-optimal risks
yields a succinct proof of the majorizing-measure lower bound. Together with the standard upper-
bound arguments, this gives a concise perspective on both sides of Talagrand’s majorizing-measure
theorem.

By replacing the exact ghost mass with a class-wide small-ball mass and optimizing this small-
ball term over hard priors in Theorem 1.5, we obtain a nearest-neighbor route to a Sudakov-type
comparison for priors localized at the tested radius.
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Corollary C.1 (Sudakov-type comparison through supremum relaxation). Under the setup of
Theorem 1.5 with the ordinary nearest-neighbor decoder @ = 0 and the centered reference choice
m = Up, set

(&) = supr(Byfa, ). La(A) = log — QA).
2 O

Since pA,Q..s, (Omn) < qu(A), if Lr(A) is larger than a universal constant, one may choose 72 =
Vi/Lz(A) so that (1.15) holds with an absolute ¢ € (0,1). Relaxing the nearest-neighbor lower
bound (1.17) to supremum over the Gaussian process yields the variance-normalized single-radius
obstruction

L.(A
E sup (X, — X,) > A? ﬁ
s,ue’T V7T

(C.1)

In particular, if the hard prior is localized at scale A, meaning Vo < CoA?, then

E sup (X5 — Xu) 20y A/In(A). (C.2)

s, u€T

FEquivalently, with

1
Noc (T,d,A;Cp):==  sup

’ C.3
spread - VTFSCOAQ SupCLGT W(Bd(a, A)) ( )

one obtains, whenever the logarithm is above the universal threshold required by the information
condition,

E sup (X, — X,) Zco Ay/log NI, (T, d, 4 Cy). (C.4)
s, u€T

Proof of Corollary C.1. For the variance-normalized small-ball statement, use the centered refer-

ence choice m = ¥y, for which Zr m, = V/(47?), and the bound pa g, . (Onn) < gx(A). If L(A)

is above a universal constant, choosing 72 < V, /L. (A) with a sufficiently large absolute constant

makes (1.15) hold for some absolute ¢ € (0,1). Since Xg — Xeo < sup, yer(Xs — Xy) pointwise

in Z, (1.17) gives

L. (A
E sup (Xs — X,) > A2 n( )
s, u€T Vﬂ'
If V, < CpA2?, this becomes A+/L.(A), with a constant depending only on Cy. Optimizing over
such localized priors gives (C.4). O

The preceding corollary directly recovers a Sudakov-scale lower bound under a natural localized
hard-prior condition. This is the precise mild condition needed by the nearest-neighbor route: the
prior used to certify small balls must also have second moment comparable to the tested radius.

Corollary C.2 (Localized packing form). Let S C T be 2A-separated and assume that, for some
to €T and Cy < oo,
S C Bd(to, CUA)

If |S| = M > My, where My is a universal constant, then

E sup (Xs — Xu) 2¢, Av/log M.

s, u€T
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Proof of Corollary C.2. Apply Theorem 1.5 with 7 equal to the uniform distribution on S. Since
S is 2A-separated, every A-ball contains at most one point of S, so

4x(A) = sup(Bg(a, A)) < M, Ly(A) > log M.
a€eT

The localization assumption gives

v, = / / d(s, )2 m(ds)r(dt) < AC2AZ.

Equation (C.2) yields the claim. O

For comparison with classical covering notation, we record the finite-set fractional-covering
duality used in Chen et al. (2024). Recall that the fractional covering number is equivalent to the
canonical covering number, up to absolute-constant changes in the covering radius (Block et al.,
2021; Chen et al., 2024).

Lemma C.3 (Fractional-covering duality). For a finite metric space (T,d) and any A > 0,
1 1

Nipae(T,d, A) ;== inf sup———— = su . C.5
fac ) ueA(T)zeg p(Ba(z,A)) weAl(oT) sup,er 7(Ba(a, A)) (©5)

Proof of Lemma C.3. Let
r« = sup inf p(Bg(z,A)).
uEA(T)IET

Then )
Nfrac(T7 d7 A) = -

Tx

Since T is finite, von Neumann’s minimax theorem gives

r. = sup inf Y wp(a)l{a € By(z,A)}
REA(T) xGT;

= inf sup Z m(x)pu(a)l{a € By(z,A)}

mE€AT) peA(T) ot

= inf supw(Byla,A)).
rhi) Spm(Ba(a, A)

Taking reciprocals yields (C.5). O

The equality (C.5) is an entropy duality. It optimizes the small-ball term, but it does not
remove the factor V; in (C.1), which comes from the information radius of the Gaussian location
channel. There is therefore no contradiction between the fractional-covering lower bounds of Chen
et al. (2024) and the localization requirement above: the fractional-covering duality identifies the
optimal hard prior for the small-ball obstruction, while the nearest-neighbor Gaussian comparison
also requires that this hard prior have controlled second moment at scale A. Thus the comparison
directly gives the localized obstruction (C.4) and the localized packing form in Corollary C.2.

The unrestricted classical Sudakov minoration is a separate Gaussian comparison theorem, not a
consequence of linear-programming duality alone. Standard proofs use nontrivial Gaussian compar-
ison and convex-geometric duality arguments; see, for example, the expositions of Pollard (2001)
and Ledoux and Talagrand (1991, Chapter 3). The full lower half of the Fernique-Talagrand
majorizing-measure theorem is stronger and multiscale (Talagrand, 2005; van Handel, 2018; Zadik,
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2026). In the present paper we therefore keep the roles separate: the Bayesian algorithmic enve-
lope supplies a one-scale, decision-theoretic, and prior-agnostic primitive, while the unrestricted
Sudakov and generic-chaining lower bounds require the classical Gaussian comparison or multiscale
localization machinery.
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