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Abstract

We introduce stopped experiments as a local complexity for repeated decisions with a fixed
unknown environment. An experiment adaptively queries until posterior Bayes risk contracts by
a constant factor or the experiment is abandoned; its cost is the risk scale times incurred regret,
divided by its contraction probability. Uniform stopped bounds yield regret upper bounds, while
pointwise stopped lower bounds yield calibrated finite-horizon lower bounds.

The conversion gives a new minimax result for stochastic top-k combinatorial bandits with
aggregate feedback. With 2k independent Gaussian arms and only the selected sum observed,
minimax regret is ©(min{kT, k*/2v/T}). The lower bound follows from the stopped cost of
learning k paired signs and matches the Hadamard-design upper bound. This is where stopping
is essential: fixed-confidence sample complexity alone does not charge the regret of the identifying
subsets.

The framework also embeds episodic and preference-based reinforcement learning by treating
a policy, or a policy pair, as a macro-action and a trajectory or preference as its observation.
For compact Gaussian loss classes we prove an exact exponent relation. In bandit convex
optimization we further separate observation-adaptive experiments from nonadaptive and fresh-
direction designs on a dimple family.

1 Introduction

How much regret must be spent before observations make a decision problem meaningfully easier?
Pure-exploration complexity counts observations; cumulative regret prices the decisions used to
obtain them. Neither, by itself, identifies the local object that connects the two. The missing object
must retain partial learning, allow later queries to depend on early observations, and charge only
until the residual decision problem becomes easier. This paper proposes such an object and shows
that it can close a minimax regret gap.

Stopped experiments. We begin with a fixed latent environment w. An action a incurs
a nonnegative decision gap A, (a) and produces an observation. If @ is the posterior after t
observations, its Bayes decision risk is

r(Qy) = ir;f Eq,Au(a).

At a state where this risk is of order b, an adaptive experiment runs until it is abandoned or first
reaches 7(Q¢) < ~vb. If N is its duration and M the first-hit event, we define the pointwise stopped
cost by
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Thus SCp(Q) is scaled regret per unit probability of a decision-relevant risk reduction. No dimension
factor, random target, or information budget is included. A separate query charge is unnecessary:
every query before the hit has expected gap at least vb, so ERy > vbEN.

A two-sided relation. Let SCP*(d, B) be the largest statewise value over risk scales B™1 < b < 1,
and let SCumf(d, B) be the smallest bound attained by one measurable state-dependent experiment
rule. The finite-horizon bounds have the form

RP(d, T) S, 1+/SC™(d, )T, (2)

MB(d,n) >, ven  when n <, ¢/b%, (3)

for every ¢ < SCP*(d, B), at some initial posterior and b € [B~!,1]. The upper bound joins stopped
experiments over geometric risk scales. For the lower bound, a policy that has not yet reduced risk
pays at least b per round, whereas reaching the lower-risk set with probability p costs at least ¢p/b.
Balancing these two possibilities gives (3).

In terms of polynomial dimension exponents, the same theorem gives
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If the statewise experiments can be chosen measurably, the two stopped exponents agree and both
inequalities are equalities. If Bayes and minimax regret also agree, then
M B _ @stop
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These are exponent statements, not same-horizon equalities. They require nonnegative additive
gaps, posterior sufficiency, and persistence of the same decision problem. They do not require convex
losses or Gaussian observations.

A concrete minimax consequence. Consider 2k independent stochastic arms, choose exactly k
each round, and observe only their aggregate reward. This full-bandit model occurs when individual
attribution is unavailable because of aggregation, privacy, routing, or experimental design. The best
known efficient algorithm has distribution-free regret O(kv/nT) (Rejwan and Mansour, 2020); for
unrestricted top-k actions, the dependence on k& was not matched by the standard semi-bandit lower
bound.

We calculate the stopped cost of a paired n = 2k family. A query is a linear measurement of k
independent signs with noise variance k. Constant-factor posterior-risk contraction costs O (k/c?)
queries, but, crucially, every pre-contraction query also incurs decision loss of order ke. The stopped
conversion preserves both facts and gives

sk k(T) = é(fﬂin{kT, k3/2\/f}) )

The lower bound is not obtained by appending a PAC lower bound to an explore-then—commit
calculation. Its proof must stop an arbitrary regret policy at the first posterior-risk contraction
and charge the regret on both the hitting and non-hitting branches. This is the first application
in the paper for which the general conversion itself closes the rate. It also addresses the tightness
discussion that has remained open since Rejwan and Mansour (2020).



Episodic reinforcement learning. Consider a fixed unknown finite-horizon MDP M that is
reset from an initial distribution p at the beginning of every episode. Treat an entire within-episode
policy 7 as the action and the resulting trajectory as its observation. The episode gap is

A (m) = Vir(p) = Vilr(p) = 0.

The posterior risk
r(Q) = inf Eg A ()

has exactly the persistence used above. Hence the stopped framework applies at the episode level.
This macro-decision reduction includes standard episodic pseudo-regret. The finite-model corollary
below gives automatic measurable selection and minimax closure when the model and trajectory
alphabets are finite (Azar et al., 2017; Foster et al., 2021). Continuing RL is different. If the physical
state is not reset, r(Q4, S¢) need not be a supermartingale: the next state may be harder even
when no uncertainty is resolved. Such problems need an additional persistence condition or the full
stateful framework of Xu (2026a).

Preferences rather than numerical rewards. Preference-based reinforcement learning replaces
numerical trajectory rewards by comparisons that may better represent human judgments (Xu et al.,
2020). At an episode boundary, choose a pair (m, "), generate trajectories, and observe a stochastic
preference. The macro-action gap is the average value loss of the two policies. The posterior over the
fixed MDP and preference model is again sufficient, and the same problem recurs after reset. Thus
a regret-efficient preference experiment has exactly the stopped form. This distinction matters for
human or language-model feedback: a PAC comparison bound counts labels, whereas the stopped
cost also prices how poor the displayed trajectories are while the reward model is being learned.

Why bandit convex optimization? Stochastic bandit convex optimization (BCO) is a particu-
larly revealing case. An unknown continuous convex loss F': C'— [0, 1] on a compact convex body
C C RY is fixed. The learner chooses X;, observes
O =F(X)+& &~ N(O.1),

and pays F'(X;) — minc F. The same scalar query is therefore both an experiment and a costly
decision. Moreover, convex geometry links near-optimal regions to the locations and directions of
informative probes, and the useful direction of a later probe may depend on earlier observations.

BCO also has a concrete unresolved dimension gap. In the nontrivial long-horizon regime,
the best general upper bound is 6(d3/ 2\/T) (Lattimore and Gyorgy, 2023; Fokkema et al., 2024).
The recent lower bound Q(d%/4v/T) of Rajaraman (2026) is the first full-class lower bound with
dimension dependence strictly larger than the linear-bandit rate. Carpentier (2025) develops a
complementary simple-regret formulation and a direct localization method for noisy zeroth-order
convex optimization. Neither cumulative-regret endpoint is known to be sharp.

For every Borel class of bounded continuous losses on a compact action space under Gaussian
feedback, not necessarily convex, we prove that the pointwise experiments can be chosen measurably
and that worst-prior Bayes regret equals minimax regret. Thus
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without an information-matching or nondegeneracy assumption. For the full convex class, the known

regret bounds are equivalent to
5
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Convexity is used here to define the BCO class, invoke its known bounds, and construct the geometric
example below. It is not used in the stopped reduction.

Observation-adaptive experiment design. For the dimple losses of Bakhtiari et al. (2025), at
e =d~ ! we prove

sclll, schesh — (d®),  SC, = O(d?).

Under the spherical prior, every nonadaptive batch needs size Q(d®), and every stopped policy
restricted to fresh directions—independent Haar directions with rays starting at the origin—mneeds
expected duration 2(d°), for a constant-probability contraction. The unrestricted experiment
first obtains a weak direction, uses tangent differences chosen from the observed direction to
amplify it, and then contracts the angular error geometrically. It uses 5(d4) queries and yields
6(min{T/ d,dv/T}) regret on this family. This is a separation between experiment classes, not
a lower bound against all algorithms for the dimple family. Its role is to show that the stopped
experiment can use geometry revealed by early observations to guide later queries, beyond what is
available from its first query alone.

Information and statistical testing. The stopped cost is a decision cost, not an information
measure. Mutual information, Le Cam, Fano, Assouad, and interactive change of measure remain
useful for bounding the cost of reaching the lower-risk set; our fresh-direction lower bound uses
mutual information in this way. Maximal information gain may likewise help bound SC,(Q) in a
particular model. It need not enter the definition, because the full posterior records partial progress
and governs later queries and stopping.

1.1 Related work

Blackwell comparison and the Bayesian theory of experiments evaluate observations through their
effect on decision risk (Blackwell, 1953; Lindley, 1956; DeGroot, 1962). Classical sequential design
optimizes both experiments and stopping (Chernoff, 1959; Naghshvar and Javidi, 2013). Here the
stopping set is the first constant-factor reduction in Bayes decision risk, and the price is the regret
incurred on the way to that set.

Information ratios, AIR, and DEC turn one-step regret—information or decision—estimation
comparisons into sequential regret bounds (Russo and Van Roy, 2016, 2018; Lattimore and Gyorgy,
2021; Foster et al., 2021, 2022, 2023; Xu and Zeevi, 2025; Neu et al., 2024). Chained ratios organize
information across action scales (Gouverneur et al., 2024). These methods may re-optimize after
every observation. Our distinction concerns the local object being optimized: the stopped cost
evaluates an entire adaptive experiment, including how observations determine later queries, rather
than assigning a value to one query at a time. Interactive Le Cam, Fano, and Assouad inequalities
handle adaptive transcript laws directly (Chen et al., 2024).

Near-optimal targets and localization appear in rate—distortion, satisficing, and scale-sensitive
ratio analyses (Dong and Van Roy, 2018; Russo and Van Roy, 2022; Arumugam and Van Roy, 2021;
Bubeck and Sellke, 2023). A distinct modern line develops data-dependent localization through
pointwise complexities (Li and Xu, 2026; Xu, 2026¢,b). There, “pointwise” refers to localization
around a realized input, distribution, or geometric point. Here it means that the best stopped
experiment may be chosen separately at each posterior state; the implementation question is whether
those choices form one measurable rule. The two notions are complementary. Polynomial gains
from observations that orient later probes also arise in structured best-arm identification (Maiti
et al., 2026).



The Bellman-sufficient framework of Xu (2026a) is broader: it allows physical states, contexts,
and other history-dependent variables, and links same-horizon upper and lower bounds through a
chosen information index. Its two sides meet when the corresponding information scales agree. The
present paper studies the narrower repeated-decision case in which the posterior is sufficient and
the nonnegative gap persists from one round to the next. Here the same stopped cost enters both
directions, but the lower bound is evaluated at a horizon calibrated to the risk scale. On posterior
space, the stopped experiment is a stochastic shortest-path problem (Bertsekas and Tsitsiklis, 1991);
the new part is its two-sided relation to cumulative regret.

2 Stopped experiments for repeated decisions

2.1 The repeated latent decision problem

We first work beyond convex optimization, but within a repeated decision problem with a fixed
latent environment. This is the static-state specialization of the Bellman-sufficient framework of
Xu (2026a): the pre-action state is the current posterior, the same action problem recurs, and the
action gap below is the nonnegative one-step Bellman loss. General stateful control may also admit
a Bellman-sufficient state, but it need not have the persistence property used to join successive risk
scales.

Let ©Q, A, and O be standard Borel environment, action, and observation spaces, and let
A, (a) € [0,1] be a nonnegative action gap. Querying a produces an observation in O from a kernel
P,(- | a). The environment w ~ @ is drawn once and remains fixed. A policy chooses A; from the
pre-action history H;_1, observes Oy, and incurs A, (A;). We include all independent exogenous
policy randomization in Hy and write Hy = o(H;) for the completed history filtration.

For a posterior @), define the Bayes risk

r(Q) = inf EqAu(a).

We assume the posterior is a sufficient controlled state, r is measurable, and measurable e-Bayes
actions exist. These are standard in compact Borel models and are verified below for compact Gaus-
sian loss classes. The theorem applies to static latent-model decision problems of the DEC/DMSO
type. Neither the action space nor the map a — A, (a) is assumed to be convex. The nonnegative
gap assumption is substantive: with signed one-step increments, stopping can remove compensating
future terms and elapsed time need not be paid by regret. Such problems require a separate query
charge or a lower-bounded Bellman loss.

The repeated-decision structure implies that posterior Bayes risk is a nonnegative supermartingale.
Indeed,

E[r(Q+1) | He] < ggiE[E{Aw(a) | Hevr b [He] = 1(Qr). (5)

This fact, rather than convexity or a particular observation law, controls returns to a risk scale in
the upper bound.

Example 2.1 (Episodic reinforcement learning). Let M be a fized unknown MDP with episode
length H, rewards in [0,1], and a common initial-state distribution p. One macro-action is a
complete contingent policy m for an episode, and its observation is the resulting trajectory. After
normalizing by H, put

Vii(p) = Vi (p)

AM(W): H

€ [0,1].



The framework then measures episode pseudo-regret; a realized reward difference need not be nonneg-
ative. At episode boundaries,

r(Q) = il;f EgAn ()

satisfies (5). For a finite model class, finite state, action, and reward alphabets, and a finite
episode horizon, the required measurable choices and finite-horizon minimax equality reduce to
finite-dimensional statements. Stopping takes place between episodes.

This reduction relies on the reset to p. In continuing control, the physical state changes and
r(Q¢, St) need not be a supermartingale. The next state can be intrinsically harder even without new
uncertainty. One must then assume the corresponding risk-persistence inequality or use a stateful
Bellman formulation such as Xu (2026a).

Example 2.2 (Preference-based episodic reinforcement learning). Let M again reset from p, but
suppose the learner observes a binary preference between two sampled trajectories rather than
their numerical returns. A macro-action is a policy pair (7,7'); its observation contains the two
trajectories and the preference label generated by a fized comparison kernel. Normalize the query
gap as
2Vir(p) — Viz(p) — Vi ()

2H '
This is nonnegative and charges the quality of both trajectories shown to the evaluator. A posterior
on the MDP and comparison kernel is sufficient, and its Bayes risk is a supermartingale across
episode pairs. The stopped theorems therefore apply verbatim when the model, policy, trajectory, and
preference alphabets are finite.

This embedding is agnostic to the stochastic link between latent returns and preference probabilities;
identifiability is reflected in whether the stopped cost is finite. It complements PAC preference-query
guarantees such as Xu et al. (2020): comparison count controls only duration, whereas stopped cost
also controls the value loss incurred in producing the comparisons. If preferences are generated by
a changing evaluator or the learned reward is deployed in a different MDP, the fized-environment
reduction requires an augmented latent state.

Ay (m,7’) =

Fix
0<y<d<L (6)
A pair s = (Q,b) is active when
b <r(Q) <b.
Starting from an active state, let
T =1inf{t > 1:7(Q:) < b} (7)

be the first posterior-risk contraction.

Definition 2.3 (Stopped cost). An admissible experiment consists of an adaptive query policy and
a positive, possibly infinite, (H)-stopping time o. It runs for

N=ocAT

rounds and succeeds on M = {1, < o}. We require N < oo almost surely. Expectations below are
iniatially extended-valued; Lemma 2./ shows that every experiment with finite displayed ratio has
EN < co. Define

bEQRy al

SGy(Q) = %rn(f W, Ry = ; Au(Ay), (8)

with ratio +00 when the success probability is zero.



The first-hit convention loses nothing: after reaching the lower-risk set, additional observations
cannot improve the success event and only add nonnegative regret. Voluntary stopping is essential,
since an experiment may abandon an unpromising branch.

Lemma 2.4 (Query cost is already charged). Every admissible experiment satisfies
EqQRN > vbEgN. (9)

Consequently,

B?EQN + bE
SC,(Q) < inf =Y T QRN

m Po(M) < (1+vHSC(Q).

Proof. The event {t < N} lies in H;_1, and on this event the pre-query posterior has not hit the
lower-risk set. If m; is the randomized action kernel, then

E[AL(Ay) | Hio1] = /EQtlAw(a) m(da | Hi—1) > r(Qi—1) > 7b.
Tonelli’s theorem applied to the stopped sum proves (9); the comparison follows immediately. [

2.2 The Bellman form of a stopped experiment

The stopped cost is a stochastic shortest-path problem on posterior space. For a query cap L and
price ¢ > 0, put W =0 and

Q. = i {sBoA(@

= [ a1 (@) <98} +1(r(@") > DIWIL, (@ )] Podo) a)}, (10)
WH(Q.b) = min{0, 7(Q. 1)},

The root uses J}, so the experiment makes at least one query; W,g permits voluntary stopping on a
non-hitting branch. If SC; 1, is the infimum in (8) over experiments with N < L almost surely, then

SGL(Q) <q <<= Ji(Q,b) <0, SCG(Q) = ir;fl SC1.(Q). (11)

The first equivalence follows by subtracting ¢PP(M) from the stopped cost; the second follows by
monotone truncation. Early observations receive value through the continuation value at Q%°, even
when the first query does not itself hit.

2.3 Pointwise and uniform values

Let ® = (D4) be a sequence of such decision problems. For a scale window B~! < b < 1, write
So(d, B) for the active posterior states. Define
bEgRN

Scpt daB = sup infi, 12
2 P) @bess@B) ¢ Po(M) (12)

. bE, YV R
SCf(d, B) = ~inf sup EQibN.
Y. universally measurable (Q.,b)€Sn (d,B) PQ(Qv )(M)



The supremum of an empty set is zero. Always SCP' < SC"f  The first quantity chooses the
best experiment separately at each state. The second requires all statewise choices to form one
universally measurable experiment rule.
Let
MB(d, T) = sgp igf EgRr

denote worst-prior Bayes regret, with any outer supremum over known action spaces understood.

Theorem 2.5 (Regret bounds from stopped experiments). For every T > 2 and T~ <n < 1/2,
Scunif d. T
E)‘i%(d, T) < min {T, ngM + 2T77} . (14)
Ui

In particular,
M3 (d,T) < C,, 9 min {T, 1+ 4/SCnif(d, T)T}. (15)

Conversely, for every 0 < ¢ < SC%t (d, B), some active initial posterior and scale B~ < b <1
satisfy, for everyn > 1,

B yebn
d,n) > ———
Rold.n) 2 c+yb%n

= e

RE(d,n) > ?m. (17)

> %min {fybn,g}. (16)

If ¢/(4b?) > 2, then at

one has

Proof. If SCIM(d, T) = +oo, the upper statement is the trivial bound 7. Otherwise fix one
universally measurable selector 3 whose worst-state ratio is at most S(:%nif(d7 T) + e. For the upper
bound, use geometric risk buckets b; = /. Whenever r(Q;) > 27, invoke %(Qy, b;) at the unique
active scale; otherwise play a measurable ¢;-Bayes action, where ), §; < 4. Virtually complete the
last block if it crosses the horizon. Every actual block makes at least one query, so only this final
block can cross T'. At scale b;, the selector’s ratio bound gives

b; B[Ry, | Hs,] < {SCH(d, T) + €}pp,

where pj, is the conditional hit probability.
After the k-th hit in bucket j, at time Uy, one has r7(Qu, ) < vb;. By (5) and Doob’s maximal
inequality, applied first over finite horizons after Uy and then by monotone convergence,

%Uk} <

A later return to the same active bucket requires the event inside this probability. The number of
hits in one bucket is therefore geometrically dominated and has expectation at most (1 —v/9)~!.
Hence

SR

t>Uy,

P { sup 7(Q¢) > Vb;

SCEl(d, T) + ¢
1—~/¢

1 SCIit(d, T) + €
5,0~ 2= 9) (1 —~/I)n

IE]%explore <
b



The non-experiment rounds contribute at most 27'n + §. Letting 0, € | 0 proves (14); optimizing 7,
with the boundary choices and the trivial bound T', proves (15).

For the converse, choose an active state with SC(Q)) > ¢. Run an arbitrary n-round policy, stop
it at N =7, An, and put p = Pg(m, < n). The stopped-cost premise and nonnegativity give

EqR, > EqRy > gp.
By the same pre-hit argument as in Lemma 2.4,
EgR, > EgRy > vbEgQN > vbn(1 — p).
Minimizing the maximum of these two affine functions over p € [0,1] gives (16). At the displayed
calibrated horizon, n > ¢/(2vb?), and direct substitution gives EqR,, > ¢/(4b) > (\/7/4)y/cen. O
2.4 Polynomial exponents

The finite-value bounds compare different scales and, on the lower side, different horizons. Polynomial
exponents remove this calibration while retaining the distinction between statewise and measurably
implementable experiments. Define

log{1 +SCY(d,d™)}

stop,pt .
« = sup lim su , 18
0 mGIIzI d—)oop lOgd ( )

: log{1 4 SCEf(q, g™
astop,unlf = sup lim sup Og{ +S ) ( ) )}7 (19)
meN  d—oo log d
log{1+NRB(d,T)/vVT

a% = sup limsup sup og{l + Ry (d, )/\F} (20)

MEN d—oo 2<T<dM logd

If a frequentist minimax value 9‘{%[ is defined, let a%l be given by the same display.

Theorem 2.6 (Regret and stopped exponents). Every sequence of repeated latent decision problems
satisfying the assumptions of this section obeys

stop,pt stop,unif
9 o I

<ag < (21)

2 2

Neither inequality requires convexity or a particular observation law.
Suppose, in addition, that for every finite d, B and every € > 0, the statewise experiments have
a universally measurable choice whose ratio at every active (Q,b) is at most SCy(Q) + €. Then

SCY(d, B) = SCX(d, B) =: SC»(d, B),

and
stop

- O‘g . (22)

If finite-horizon Bayes—minimazx equality also holds, then

Q

l@]ey)

sto
o P

oy =af = 92 . (23)




Proof. For T < d™, Theorem 2.5 and monotonicity of the scale window give

RY(d,T) { —1)2 :
I < O g AT Y2 /SOt (g, gM) b
\/T = Ly D ( )

Taking exponents proves the upper inequality in (21).
For the reverse inequality, first suppose a%OP’pt > 0, and fix

/ stop,pt
0<g<q <agy .
For some fixed m and an infinite sequence of dimensions,
t !
1+ SCY(d,d™) > d*.

For all sufficiently large dimensions in this sequence, there is an active state (Qg, bg), with by > d=™,
such that
Sde (Qd) > Cq, cqg = di.

=[]
d=|—5|-
b

o < ’Y_ldq+2m < dM

Set
Then cq/(vb%) > 2 for large d, and

for one fixed integer M. The calibrated lower bound in Theorem 2.5 yields

B

Rp(d, na) > Nl Ved = ﬂdq/ 2
/g 4 4

Thus 04% > q/2. Let ¢ 1 a;mp’pt; if the latter exponent is infinite, take arbitrary finite ¢. When it is

zero, the lower inequality is immediate.

The measurable-choice assumption identifies the two finite stopped values, and hence their
exponents. Bayes—minimax equality identifies the remaining regret exponents. O

The equality does not require information-scale matching or nondegeneracy; it still assumes
nonnegative gaps, posterior sufficiency, recurrence of the same decision problem, and measurable
selection.

Corollary 2.7 (Finite episodic models). Consider any sequence of reset episodic reinforcement-
learning problems as in Example 2.1, with a finite model class, finite state, action, and reward
alphabets, and a finite episode horizon. Using the normalized episode gap,

M B ai{ﬁp
QR = QRL = 9 (24)

For fized H, normalization does not change the dimension exponent. If H grows with d, its
dependence must be restored when translating back to unnormalized regret.

Proof. The complete contingent policy space and the trajectory space are finite. The posterior
belongs to a finite-dimensional simplex, the capped stopped problems admit measurable statewise
choices, and truncation removes the cap. At every finite outer horizon there are finitely many pure
nonanticipating policies, and randomized policies generate their compact convex hull. The finite
minimax theorem gives Bayes—minimax equality. Apply Theorem 2.6. O

10



3 Aggregate-feedback top-k bandits

We now use the conversion to obtain a finite-horizon minimax result. There are n independent arms
with unit-variance Gaussian rewards. At round ¢, the learner selects Sy C [n], |S¢| = k, and observes

only
Y, = g Xt j.
JESE

The reward is the same sum. Thus this is full-bandit, rather than semi-bandit, feedback. Write
Ry x(T) for minimax expected regret over mean vectors in [0, 1]".

Theorem 3.1 (Dense top-k aggregate-feedback regret). There are universal constants ¢,C' > 0
such that, for n = 2k,

cmin{kT, k**VT} <R3, (T) < Cmin{kT, k%2\/Tlog T}. (25)
Consequently the minimaz rate is ©(min{kT, k3/2\/T}).

The upper bound is the minimum of the trivial k7" bound and the distribution-free CSAR
guarantee O(kvnT) of Rejwan and Mansour (2020). We prove the lower bound by calculating a
stopped cost. Pair the arms and draw 6 = (6, ...,6) uniformly from {—1,+1}*. For i € [k], set

1 1 1
L= ) A < Z.
Hit = 5 + eb;, Hi- =5 e, 0<e< 1 (26)
For a selected k-set S, put
ai(S) = 1{(i,+) € S} = 1{(i,—) € §} € {-1,0,1}.
Then .
V= +elalS),00+€ £~ N(OK), (27)
and the unnormalized gap is
AF™(S) = e{k — (a(5),0)}. (28)

We apply the general theory to Ag = AP /k € [0,1].
Let m;(H) = E[0; | H]. Because one posterior-preferred arm from each pair is Bayes optimal,

the posterior risk is exactly

k
r(Qu) = = Y {1 = Imi(H)]}. (29)

i=1
In particular the product prior Qg is active at scale b = €.

Proposition 3.2 (Stopped cost of the paired family). For every fized 0 < v < 1, uniformly over
0<e<1/4,
SC.(Qo) = O, (k). (30)

Proof. For the upper bound, use N = Cyk/ g2 predetermined balanced sign queries a; € {—1, +1}%,
chosen as repeated orthogonal rows when available and otherwise as a Rademacher design. Least
squares under (27) estimates a constant fraction of the signs with error probability small enough
that (29) falls below e with probability bounded away from zero. Each query has prior expected
normalized gap exactly €. Stopping at the first contraction can only reduce regret, and hence

eERN (k/e?)e
< <
P(M) ~ 51 b

11



For the reverse inequality, the stopped direct-product lemma (Lemma A.1) applied to (27) gives,
for every experiment with success probability p,

EN > ¢y (31)

The point is that a successful transcript has ), |m;| > (1 — v)k, whereas flipping coordinate i
changes one conditional Gaussian mean by 2ea;, and ), af < k cancels the aggregate variance k.

Lemma 2.4 now yields

EN
762— > cyk.

EERN Z
p
O

Proof of Theorem 3.1. The upper bound was noted above. For the lower bound, apply Theorem 2.5
to Proposition 3.2. For T > k, choose ¢ < /k/T; the calibrated-horizon bound gives Q(vVET)
normalized regret. Multiplication by k restores sum-reward units and gives Q(k%/2y/T). For T < k,
take a sufficiently small constant €. The non-hitting term in (16) gives ©(7") normalized regret and
hence Q(kT) in raw units. O

Why the stopped conversion is essential here. The paired family also has PAC identification
complexity ©(k/e?). That fact alone does not imply (25): a sample may be statistically informative
while having very different decision loss, and a finite-horizon policy may learn only on selected
transcript branches. Proposition 3.2 couples information, regret, and the probability of posterior
contraction for the same stopped policy. Theorem 2.5 then handles both the branch that contracts
and the branch that continues to pay risk. This is precisely the step absent from a fixed-confidence
sample-complexity argument.

Relation to extreme contextual recommendation. Top-k contextual bandits are used for
advertising and recommendation when the arm set is extremely large. Sen et al. (2021) use an arm
hierarchy to reduce millions of arms to a context-dependent candidate set. Their feedback model
may reveal all or some selected-arm rewards, whereas Theorem 3.1 assumes only the aggregate. The
theorem therefore does not lower-bound their algorithm. It identifies a complementary bottleneck:
after computational localization has produced a candidate set, loss of individual attribution can add
a k-dependent statistical price. A contextual stopped complexity would condition on the context
and posterior, charge the regret of aggregate probes, and stop when the context-averaged top-k
decision risk contracts.

4 Gaussian feedback on compact action spaces

We next give a broad setting in which the statewise stopped experiments form one measurable rule
and Bayes regret equals minimax regret. Let C; be a collection of nonempty compact metric action
spaces. For C' € Cy, let §4(C) be a nonempty Borel subset of C(C, [0, 1]), with the uniform topology.
If f is fixed, querying = € C reveals

O:f(l')‘i‘f, ng(()?l)a
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and incurs the gap f(x) — ming f. Neither C nor f is assumed to be convex in this section. Write

My (d,T) = sup inf sup EfRr, (32)
ceCqy T feFa(C)
Dfig’(d, T)=sup sup infEfRy. (33)
CGCdQ on S,i(C) m
Both infima are over Borel randomized nonanticipating policies. The values SC?C and SC%?(i;f are

defined by (12)—(13); an outer supremum over C' € Cy gives SCgt and SC%nif.

Theorem 4.1 (Gaussian statewise selection and minimax equality). For every finite d,T, B,

Ry (4, T) = RF(d, T), (34)
SC¥(d, B) = SC¥E (d, B). (35)

The supremum in (34) may be restricted to finitely supported priors. For every e > 0, the sec-
ond equality is implemented by a universally measurable state-dependent experiment whose finite
deterministic cap may depend on the state.

The first equality is a finite-horizon minimax theorem, not an asymptotic interchange. The
second identifies the statewise and uniform stopped values. Convexity is absent: compactness and
continuity give Bayes-action minimizers, lower-semianalytic dynamic programming gives universally
measurable near-minimizers, and the positive Gaussian density gives a Borel posterior update. Write
their common worst-space value as SCz(d, B), and use the exponents from (18)—(20) with © = §.

Corollary 4.2 (Regret and stopped exponents under Gaussian feedback). For every sequence of
the Gaussian loss models above,

stop
M B_ %
= == . 36

No information-scale matching or nondegeneracy assumption is required.

Proof. Apply Theorem 2.6 and (34)—(35). O

4.1 The full convex class

We now return to stochastic BCO: C' C R? is a compact convex body and F4(C) is the full class of
continuous [0, 1]-valued convex losses. Convexity first becomes essential here, through the model
class and the BCO bounds used below.

Corollary 4.3 (Full-class exponents). For the full class of continuous [0, 1]-valued convex losses,

5 g 3

5
S <ol <3, 7S % < 5 (37)

o = Yull
Determining either exponent determines the other.

Proof. The upper endpoint is the current general BCO upper bound (Lattimore and Gyorgy, 2023;
Fokkema et al., 2024); the lower endpoint is the minimax theorem of Rajaraman (2026). Its
1-Lipschitz hard family embeds in the present bounded unit-noise model by the affine rescaling
g = (f+1)/2: from an observation f(x)+ &, return (f(z) +&+1)/2 + ¢, where ( ~ N(0,3/4) is
independent. The result is g(x) + & with ¢ ~ N(0,1), and regret changes only by a factor two.
Apply Corollary 4.2. O
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5 Observation-adaptive experiments: the dimple family

Let C = B4(1). Fix
d’lgsgao, s =1+ 2¢,

where o > 0 is a sufficiently small constant. For § € S$~!(1), define

1 1
Fo(x) = e+ Glle* = 5 (s — 16 = 2]). (38)
These functions are continuous, convex, and [0, 1]-valued after reducing ¢¢ if necessary (Bakhtiari
et al., 2025, Lemma 10). Their unique minimizers are 6, with Fp(6) = 0. At the origin,

2e
S
VvV1i+2e+1

Bakhtiari et al. (2025) use this family to exhibit an obstruction to standard one-step information-
ratio analysis. We show that the same geometry admits a cheaper multistep experiment. The lower
bound below uses mutual information to show that an unoriented ray reveals very little; the upper
construction uses early observations to orient later tangent probes.

Use the rotation-invariant prior © ~ Unif(S$!(1)). Since VFy(0) = —bof, convexity gives

by = Fy(0)=s—1= (39)

Folw) > bo{1 — (0,2},
The origin is therefore the prior Bayes action and r(Qq) = by. Write
7y = inf{t > 1:7(Q¢) < vbo}. (40)

Definition 5.1 (Fresh directions). A policy uses fresh directions if, at round t, it first draws
By ~ Unif(S$7Y(1)), independently of (©, Hy_1), then chooses an arbitrary o(H;_y1, By)-measurable
radius Ry € [0,1] and queries X; = R By.

The radius may use the complete past. Only the direction must be fresh. Every ray starts at
the origin. The comparison excludes shifted or paired probes, anisotropic directions, and reuse of a
learned direction.

Theorem 5.2 (Fresh-direction information bound). For d > 2, there is a universal C < oo such
that, for every posterior v of ©, every fresh B ~ Unif(Sg_l(l)), every measurable R = R(B) € [0, 1],
and independent & ~ N(0,1),

1,(8; B, Fo(RB) + &) < C(e* +d™*). (41)

Under the spherical prior, every nonadaptive batch X1, ..., X, possibly randomized but independent
of © and fixed before its observations, satisfies

1(8;01: | X1) < Cn(e* +d74). (42)
For any initial prior, every stopped fresh-direction experiment with duration N and EN < oco satisfies
I1(6; Hy) < C(e* + d"*)EN. (43)

Conversely, under the spherical initial prior, if M € o(Hy) is an event on which the terminal
posterior Bayes risk is at most ybg, then
d—1

I1(©; Hy) > T(l —7)2P(M). (44)
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Consequently, every stopped fresh-direction experiment under the spherical prior with P(M) > 0

satisfies
EN

> .
P(M) = Vet 1 d-
Under the spherical prior, the same bound holds with N = n for an arbitrary nonadaptive batch

of size n. Thus, under that prior, constant-probability contraction requires batch size, or expected
fresh-direction duration, Q(d/(e* + d=?)).

(45)

Fix a sufficiently large C, = CL(7), and for 0 < a < by put

Crd(1 + log(d/a)) } |

a

Lio=1+]log { (46)
Theorem 5.3 (Observation-adaptive directional experiment). There are constants vy, co > 0, with
Yo + co <7, and C5 < oo such that, for every sufficiently large d, every d~' < e <eg, and every
0 < a < by, an observation-adaptive experiment returns T € Bg(l) with

sup Po{Fp(Z) > ya} < ca, (47)
6esd=1(1)
C,d*L?
N < D e (48)
C,d? L2,
sup EpRy < T’. (49)

9esd=1(1)

The query cap is deterministic. The conditional distributions and subspaces of the directions in the
last two stages depend measurably on earlier observations. Under every prior on O,

Yo + Co

P {E[Fo(%) | Hy] < va} >1— > 0. (50)

The construction has three stages. The table suppresses logarithmic factors.

stage progress (queries, regret)
orthogonal scan obtain vy with (8, vo) = Q(max{y/z,d"/2}) (d?/e%, d*/e)
tangent choose tangent directions from the current estimate (d?/e2, d?/e)
amplification and enter a fixed angular cone

angular contraction  invert boundary observations and repeat g — ¢/2 (d?/a?, d*/a)

until ¢ = O(a)

Only the last two stages orient later probes using earlier observations. Their detailed analysis is
in Appendix D.

fresh
Gy

For the next statement, SCE} restricts (8) to one query, and S restricts it to fresh-direction

policies.

Corollary 5.4 (Polynomial separations). For all sufficiently large d, at e = d~* and b= by < d~!,
the initial spherical state satisfies

SCy = y(d’), SN =Qy(d),  SCy=0y(d). (51)
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At the same scale and under the spherical prior, a nonadaptive batch with constant contraction
probability has size Q(d®), and every stopped fresh-direction experiment with P(M) > 0 satisfies
EN
— > d0.
B(M) =
In particular, constant success probability requires EN = Qy(d5). The observation-adaptive construc-
tion contracts risk with constant probability using Oy(d4) queries.
Let
Lir =1+ log {Crdmax{T,d}[1 + log{d max{T,d}}]}.

Under the spherical prior, every fresh-direction policy satisfies

T
ERr > c, min{d,d4}, (52)
while an unrestricted policy satisfies, uniformly in 0,
. [T
EQRT S C’yLd,T min {d,dv T} . (53)

At T = d®, these bounds are Q(d*) and O(d7/?), respectively.

Proof of (51). For a one-query or fresh-direction first-hit experiment, let p = P(M). Theorem 5.2
gives

C(e* +d™)EN > I(0; Hy) > ¢, dp.
Before the hit, Lemma 2.4 gives ERy > vbEN. Therefore

bERy _ _c,bd
p T oet4dt

At b<e=d!, this is Q,(d?). The same argument covers the one-query restriction.

Couple the capped routine from Theorem 5.3, run at a = by, to its first-hit truncation. The two
policies agree until the hit, and (50) implies that the virtual capped path hits with probability at
least p, :=1— (70 + co) /v > 0. Truncation can only decrease regret, so

bER. C. d*L? ~
B AN < Jbﬂ — Ov(dZ).
]P’(T7 <N) Dy b

This proves the upper bound. O

6 Discussion

The stopped cost asks how much regret must be spent before observations make a repeated decision
problem easier. The aggregate-feedback theorem shows that this question can determine a minimax
rate. On the paired top-k family, posterior contraction requires learning many signs through noisy
sums, and every query used to do so has a decision cost. The stopped lower-bound conversion
is indispensable because it applies to an arbitrary finite-horizon policy, including policies that
contract only on selected transcript branches. The matching upper rate comes from an existing
Hadamard-design algorithm; stopped experiments certify its local cost but are not needed to run it.
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Bandit convex optimization illustrates a different, genuinely multistep role. On the dimple
family, an unoriented ray carries little information about the hidden direction, but a weak initial
direction can be reused to place tangent probes, amplify alignment, and contract angular error. This
gives a polynomial separation between spherical-prior nonadaptive experiments or fresh-direction
experiments and an observation-adaptive experiment. It does not give a lower bound for unrestricted
BCO.

For the full convex class, determining a?ﬁ?lp € [5/2, 3] is equivalent, at the level of polynomial
dimension exponents, to closing the current BCO regret gap. An upper bound must construct
low-cost posterior experiments uniformly over states and scales; a lower bound must rule out their
full adaptive choice of later queries.

For episodic reinforcement learning, the present contribution is a conversion theorem rather
than a new tabular minimax rate. The macro-action reduction makes the scope exact and shows
what an application must prove: a policy-search or preference-query routine must reduce posterior
decision risk while charging the value loss of the trajectories it generates. Preference-based RL is
especially natural because numerical rewards are unavailable and comparison complexity alone can
hide poor exploration trajectories. Establishing a stopped-cost bound for a structured preference
model would immediately yield a regret guarantee, but no such new rate is claimed here.

The top-k contextual extension has two separate scales. Arm hierarchies can make search
over an extreme catalog computationally feasible (Sen et al., 2021); aggregate feedback can still
make attribution statistically difficult within the localized candidate set. A useful next theorem
would calculate a context-averaged stopped profile that combines these reductions. The dense
noncontextual theorem proves that the second price can be real, but does not transfer automatically
to semi-bandit feedback or to a realizable contextual regression class.
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A A stopped direct-product lemma

Lemma A.1 (Stopped Assouad bound for Gaussian sums). Let 6 be uniform on {—1,+1}*. At
time t, an adaptive policy chooses a; € {—1,0,1}*, with ||a;||3 < k, and observes

iid
Y; = e(a, 0) + &, & ~

Let N be the first time that Y (1 — |E[6; | HN]|) < vk, or an earlier voluntary stopping time, and
let M be the first alternative. If p=P(M), then

N(0, k).

pk
EN Z ny -
€
Proof. For i € [k|, pair each parameter 6 with 0 obtained by flipping its i-th coordinate, and run
the two transcript laws with the same policy kernel. The stopped Gaussian chain rule gives

2e2
DxL(P | PYy) = TEG Z az ;- (54)
<N

This identity follows first for N A L and then by monotone convergence. Averaging over ¢, summing
over 4, and using ), af}i < k yields

k
27" "N " Du(P | Pyy) < 26°EN. (55)
6 i=1
For each 7, let PZ-Jr and P, be the transcript laws conditional on 6; = +1 and 0; = —1, respectively.

Joint convexity of relative entropy and the pairing above give
Y ADkL(BFIPT) + Diu(P7IIP)} <278 ) N Drr(BYIIP).
i 6 i
Let P = (Pl+ + P;")/2, which is the same unconditional transcript law for every i. Bayes’ rule gives
dP; — dP;

= L Thi(p),
dPi++dP;( )

Consequently the i-th Jeffreys divergence is
DKL(]D;'_HP;) + DKL(P; HPj—) = 4Ep[mi(HN) arctanh mZ(HN)] .
Since x arctanh 2 > 22, if a stopped-transcript event M satisfies

Z(l — |E[6; | HN]|) < vk on M,

7

then Cauchy—Schwarz yields, pointwise on M,

2
S mi(Hy)? = k! (Z |mi<HN>|> > (1-)k.

7

It follows that

2753 Y Dxu(RYIIP)) = 2(1 =)k P(M). (56)
0 i=1
Take M = M and combine (55)—(56). O
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B The fresh-direction lower bound

Proof of Theorem 5.2. Put
L2
alw) =<+ 5 el

For B € S371(1), r € [0,1], and u = (, B),

|Fy(rB) — q(rB)| = % (s- \/M——m)j

Minimizing the square root over r € [0, 1] shows that the supremum of the right side is (s — 1)2/2
when v < 0, and

1 2

o (s V1i-w?)

when v > 0. On |u| < 1/2, its square is at most C(¢* + u8); the complementary spherical cap has
exponentially small probability. Rotation invariance and

105
Eg(0, B)® =
56, B) d(d + 2)(d + 4)(d + 6)
therefore give, uniformly in 6,
Ep sup [Fy(rB) — q(rB) < C(e* + d™), (57)
0<r<1

Now condition on an arbitrary posterior v. The fresh Haar direction B is independent of ©, and
R(B) is known after conditioning on B. Comparing the Gaussian observation channel with the
©-independent reference ¢(R(B)B) + &, the information-radius bound gives

1
1,(0;B,Fo(RB) +¢) < 5IE@NV,ByF@(RB) —q(RB)|*.

Equation (57) proves (41).

Under the spherical prior, for a fixed nonadaptive design point x = ru, rotation invariance
interchanges a fixed direction v under uniform © with a uniform direction B under fixed 6. Thus
(57) also gives

Eo|Fo(z) — q(z)|> < C(e* +d™).

Condition on a possibly randomized design and compare its joint Gaussian observation law with the
product reference (q(X;) + & )i<n. Additivity of the reference KL divergence proves (42).

For a stopped fresh-direction experiment, let IV,, = N An and use the cemetery-padded transcript.
Since {N >t} is Hy_j-measurable, conditional application of (41) and the chain rule give

I(©;Hy,) < Ce*+d™* ZPN>t C(e* +dH)EN,

Continuity of relative entropy along the increasing stopped o-fields, followed by n — oo, proves
(43).
For the converse, convexity at the origin and VFy(0) = —bgf give

Fy(x) = bo{l — (0, 2)}. (58)
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With my = E[© | Hy], taking the infimum over z in (58) gives directly

7(Qry) 2 bo(1 = [[mn])-

Hence r(Qp,) < vbo on M implies |[my| > 1 —~. The uniform law ¢ on S3*(1) is 1/(d — 1)-sub-
Gaussian. The variational formula for relative entropy therefore yields

d—1
D (v]lo) > “— |,

Apply this to each posterior and average on M:

1(0; Hy) = EDit(Quy o) > 511 —)B(M).

Combining this inequality with (43) proves (45). O

Proof of the lower bound in Corollary 5.4. Let N =7, AT and p = P(7, < T'). Before the contrac-
tion time, every action has conditional expected regret at least r(Q:—1) > vbo. Hence

ERy > by EN. (59)

Moreover,
EN >T(1 - p).

Apply Theorem 5.2 to the stopped transcript Hy. On {7, < T}, its terminal posterior risk is at
most vbg, and therefore
Cd™EN > I(©; Hy) > ¢, dp

when ¢ = d~1. Thus
EN > c,d"p.

Minimizing max{T (1 — p), c,d°p} over p € [0,1] gives EN > ¢, min{T,d°}. Since by =< d~!, (59)
proves (52). O

C The dimple regret bounds

Proof of the upper statements in Corollary 5./. The same adaptive experiment, run to accuracy
a and followed by commitment, gives the family upper bound. At a = by < &, Theorem 5.3
uses O(d?/e?) queries and O(d?/e) regret. Equation (50) proves the adaptive part of the query
separation. Since e? + d~* < 2¢* in the stated range, Theorem 5.2 proves the lower part for
nonadaptive experiments under the spherical prior and for fresh-direction experiments. Specializing
to e = d~! gives the displayed endpoint.
For the regret upper bound, first note that playing the origin for all 7" rounds costs byT" < C'T'/d.

When T > C,Yd4L?l7T, choose
dLqT

VT
with A, large enough. Then a < by, Ly, < CLg7, and (48) uses at most 7/2 rounds. Indeed,

enlarging the crossover constant makes a < ¢/d < by, while 1/a < /T /d and log(d/a) < log(dT)
give the displayed logarithmic comparison directly from (46). The exploration regret is at most

a=A,

Cvd2L§7a

a

< C,dLqr VT.
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Play Z for the remaining rounds. Since losses are bounded by one, (47) gives
sup EgFy(Z) < (v + co)a < Cya.
0
The exploitation regret is therefore at most CaT < C’Vde’T\/T . Below the displayed crossover,

use the origin strategy. If T < d*, its cost CT/d is the smaller term in (53). If d* < T < CvdA‘Lg’T,

then T
< CyLar dV'T.

These two cases prove (53) throughout the remaining range. O

D Proof of the observation-adaptive experiment

Throughout this appendix, reduce ¢y, if necessary, so that 9 < 1/8. Put

2
S+:\/1—|—2€0, 57: .
S+ + 1
Then, uniformly over the parameter range,
1<s<sy, B_e<by=s—1<e. (60)
Fix
=1, 5=, co = C5, 0 = csa,
4 4

so that 79 + co = /2 < 7, and put
L =1+log{16d(1 + log(d/a))/d}.

Thus £ < CyLg, after increasing Cr(7).
We now record the order in which the remaining constants are chosen. First choose a constant
Ap large enough for all the Haar-coordinate bounds below. Next fix Cgeo > 4, and then choose

0 < ¢« < min (61)
1 - U .
- 8’ 4Cgeo

In particular,
qx < 3/47 CgeoQ* < 3/2

uniformly in €. The initialization step ¢; and its repetition constant are then chosen; this produces
the numerical correlation constant kit > 0 in (70) below. After kin;t is fixed, choose cg; this fixes
the geometric constants By, cy4, kg. Next choose k and p = v/1 + k2, and only then choose the
amplification repetition constants Cgate and Camp, whose simultaneous confidence bounds depend
on the resulting deterministic iteration cap. Finally choose c5, then cierm, then cg, and last Ceop.
The compatible inequalities imposed on these constants are displayed at the point where each is
used.

We use the following conditional form of sphere concentration. If (ui)le is a Haar orthonormal
basis of a fixed k-dimensional subspace and w is a fixed unit vector in that subspace, then, after
increasing Ag,

O <
max |{w,wi)| < Auv/ L/ (62)
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except on an event of probability at most exp(—4L), provided £ < k. When £ > k, we instead use
the deterministic bound one.

Every basis is drawn conditionally on the preceding transcript. Under Py, the current iterate
and the tangent component of the fixed vector # are then fixed, so (62) applies conditionally after
normalizing a nonzero tangent component. Every empirical mean uses fresh Gaussian noise. The
initialization, amplification, and contraction stages contain at most C(1 + log(d/a)) concentration
calls in total. The definition of £, together with sufficiently large repetition constants, therefore
gives events Hinit, Hamp, Hceon such that, uniformly in 6,

Po(Hinie) < 0/3,  Po(Hamp | Hinit) < 0/3, Po(Heon | Hinit 0 Hamp) < 0/3.

Write H = Hinit N Hamp N Heon- All three stages have deterministic caps. Off H, the same capped
routine is continued, returning the origin whenever a normalization is undefined and taking the
stopping branch at every gate equality. These conventions make the complete experiment total and
Borel measurable.

Whenever r = ||§ — z|| < s, expanding (38) gives

Fy(x) = s||0 — z|| + (0, z) — 1. (63)

D.1 Orthogonal initialization

Lemma D.1. With probability at least 1 — /3, the construction below returns a unit vector vy

satisfying
(0,v0) > cmin {1, max (ﬁ, \/TM)} . (64)

It uses at most Cd*L?/? queries and incurs at most Cd?L? /e regret on the success event.

Proof. Draw a Haar basis (u;)L,, and set
ho = cp min{+\/z,e\/d/L}, ng = [CinirdL? /7] . (65)
Estimate every centered difference

po — Folhoui) — Fp(—houi)
! 2hg

using ng repetitions at each of the two points. Let Ag be a universal constant for the Taylor estimate
used below. If £ < d, then hy = cpe/t, where

t = max{+/g, \/L/d},

and (62) gives
hZ + 2hg max [(0, u;)| < (¢ 4 2Ancy)e.

If £ > d, then hy = cper/d/L, and the deterministic coordinate bound gives the same inequality
with Ay replaced by one. Choose ¢, < 1/8 so that

c2 + 2max{Ag, 1}¢c, < 1, Agci < % (66)
Both query points are then strictly in the active dimple. Equation (63) gives
2s
D? = —)\i<l9,ui>, )\i S —— 1, |>\z - b(]| < A(]h(%, (67)
r, +r;
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where 7" = || F hou;||. Hence the noiseless difference vector is

D = —byb + ey, He()H < th% < ﬁ8_€.

Write D = D + (. Conditional on the basis, ¢ is an isotropic Gaussian vector with coordinate
variance (2n0h3)™1. On Hint,

Ce
V 1n1t hO V ,

Il < mhoﬁ(wf )- (69)

0,¢)] < (68)

Set
t = min{1, max(v/z,/L£/d)}
If £ <d, then hy = cpe/t, and

t t2
\/TTSE’ Z<1+\/£/d>§26

These inequalities follow by considering separately t> = ¢ and t*> = £/d. If £ > d, then t = 1,

ho = cper/d/L, and

1 <kg, iy < z <2
Consequently, after choosing Ciy;¢ sufficiently large,
57 €
0,01 < — <l < Binitz

for a fixed universal Bj,;. Together with (60) and (66), this yields

~ N ~ €
0.-D)> e 1Dl < @2+ Bun)
Thus D # 0, and, with
Kinit = __B Cinit *= Kinit?
2(2 + Binit) ’ ’
the vector vy = —D/||D|| satisfies
(0,v0) > Cinit = Kinit min{1, max(y/z, /L/d)}. (70)

This implies (64).
The stage uses 2dng = O(d2L?/e?) queries. Every query point has loss O(g), so its regret is
O(d?L?/e). O
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D.2 Tangent amplification

Lemma D.2. Conditionally on the initialization event, a capped tangent routine reaches |0 —v|| < gs
with failure probability at most §/3. With cinit defined in (70), the stage uses

Cd*L Cd*L
Namp S Ta Ramp S 6.27-7 (71)
nit init

up to lower-order CL(1 + log(1/cinit)) gate costs.

Proof. Let L
Qbs(Q) :5+§_§(3_q)ia A*:Qbs(Q*)_(ba(q*/z)'

Because ¢, < s,

AL - S 3¢ _ g 3¢
T2 8 T2

-5 >0 (72)

The lower bound is universal.
The routine maintains a unit vector v; and a deterministic number ¢; satisfying

<9,Uj> Z QJ, QJ = PjCinita (73)
where p > 1 is fixed below. If ¢; > 1 — q2/8, then
16 — wjll* = 2{1 — (8,v))} < ¢7/4,

and the routine stops.
Otherwise, average mgate = [CgateL] Observations at v;, and compare the average with

Tgate _ Ge (Q*/Q);‘ ®e (CI*) '

The routine stops when the average is at most Tgate, and continues otherwise. After k£ and p are
fixed below, choose Cgate large enough so that, simultaneously at every gate,

Y — Fp(v))] < A/4
on Hamp. Since Fy(vj) = ¢(||@ — v;]|) and ¢, is nondecreasing, stopping implies
16 = vl < gs, (74)

whereas continuing implies

16 = vjll = g+/2. (75)

Suppose the gate continues. Write

C:Q4

s v = vy, p=(0,v), x = (c/2)v, ro = ||0 — x|

Then p > ¢, and

2 2
3 1
r%zl—l—%—cpgl—%, 7”021—%25. (76)
62 > Ci2nit > F”-iQnitg' (77)
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Draw a Haar orthonormal basis (ul)f:_l1 of vt, and write ¢; = (f,u;). When £ < d — 1, set

h = coc. On the conditional Haar event,

24
| < Anv/L/(d—1) < =2 e

Rinit

When £ > d — 1, set h = cac? and use |g;| < 1; in this case £/d > 1/2, so ¢ > cinit > ninit/\/i.
Choose ¢ < 1/8 so that

4A
c% + i

co < %, c% +2cy < g (78)

Rinit

In the two cases, respectively,
2

h? + 2h|g| < %

Together with (76), this shows that x £ hu; lie in the active dimple. Their norms are at most one
after decreasing co, if necessary.

For 7 = || — & F husl|, the exact centered difference is
Fg(l’ + huz) — FQ(CC — huz) 2s
D; = = N, A= —— 1 79
i oh idi, i 7“;'_ T (79)
Let A\g = s/rg — 1. From (76), for a universal constant By < oo,
3c?
Ao=1—r9> 5 Ao < Boc, (80)

where the upper bound uses s — 1 < ¢ < ¢/ ﬂ?nit and rg > 1/2. A Taylor expansion of «/r% + z,
uniform over the preceding activity margin, gives

I\ — Ao| < Aph?

for a universal Ay. Decrease ¢y further so that

3

Ayed < —. 1
ACQ > 16 (81)
Since ¢ < 1, both choices of h then imply

3¢?

— <\ <

16 = Ai < Byc (82)

for a universal Bj.
Set

d—1 d—1
g=- ZDiui = Z)\iqmi-
i=1 i—1
If ¢ = |0 — vl|, then p =1 — ¢*/2, and (75) gives

Y@ =1-p"=(1-¢*/4) > ¢/8.

2

Therefore (82) implies

R
<0,g> > C4C2, HgH < B)\Cv Cq 1= *

=t (83)
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Estimate every D; with
Ne = [C’ampdﬁ/cﬂ

repetitions at each of x + hu; and x — hu;. With empirical differences 132-, define

QL

-1
g=-) Dui=g+¢
1

7

Conditional on the basis, ( is isotropic in v*, with coordinate variance (2n.h?)~!. For £ <d — 1,
this variance is at most

Cc? .
CampdL’

for £L>d — 1, it is at most
C

CampdL’

and c is bounded below by a universal multiple of kin;;. After k and p are fixed below, choose Ciamp
large enough so that, simultaneously at all stages,

Il <e, 16,01 <5 (84)

on Hamp.-
It follows that g # 0, and for u = g/||g]|,

C4
0 >k ko = ————.
< ,'LL> = KoC, 0 2(B)\+1)
Choose
0 < k <min{ko/2,q,./4}, p=V1+kZ>1, (85)
and set

vj + ku .

Vig] = —S——, Cii1 = pC.
Jj+1 m j+1 = P

¢+ kkoc —

Thus (73) is preserved. The restriction k < ¢, /4 also ensures p(1 — ¢2/8) < 1, so the deterministic
lower bounds never exceed one before the next stopping check.

After at most log{( 2/ y )
ogi(l —q;/8)/Cinit} | _ .
14+ { Tog —‘ = O(1 +log(1/cinit))

iterations, either a gate has stopped or the deterministic correlation threshold has been crossed. In
both cases the returned vector satisfies |6 — v|| < gs.
At correlation level ¢, the tangent queries number O(d?L/c*). By (77),

Because u L vj,

1
Fo(z £ hu;) < e+ §||:C + hu;||* < Cc?,
so their regret is O(d?L/c?). The gate uses O(L) queries and regret per iteration. Geometric
summation over c¢; = pj Cinit gives
Cd*L
Namp < 7 + C»C(l + IOg(l/Cinit))a

init
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and Cd2L
Ramp < —5— + CL(1 + log(1/cinit))-

init

Finally,
Cinit > Kinit max{y/e, \/L/d}

unless it is already a fixed constant. This yields (71) and the simplified bounds
O(d*L/€?) and O(d*L/e),

respectively.

D.3 Angular contraction

Lemma D.3. Conditionally on the first two stage events, the capped contraction stage returns x

with Fp(T) < yoa outside probability /3. It has deterministic query cap

C.d*L]a?
and success-event regret at most
C,d*L/a.
Proof. Choose
1
0<es <o, 0<cterm§ﬁ~
8 S+
Let '
Qj=q.277, J=min{j > 0:Q; < cterma}.
The routine maintains the invariant
lojll =1, [0 —vill <Qj.

(87)

The amplification lemma establishes it at j = 0. For each j < J, write v = vj, @ = @, set h = ¢5Q),

and take a measurably chosen orthonormal basis (uz)f;f of v*. Define
ap = (14 h23)712, t=h(1+h%)~Y2, rF = apv =+ tu;.
Then a:;t are unit vectors, t > ¢5Q/ V2, and
|z —v]> = 2(1 — o) < b2

Consequently,
He - xf” < (1 + C5)Q < CgeoQ < CgeoQ* < 5/2~

Thus every probe lies in the active dimple.
Write

1
O=cvtw,  c=(@0)=1-gl0-o  w=3gu
(2
Since @ < ¢, < 1/8, one has ¢, > 0,

e = V1= wl?,  Jul| <0 -v]| <@ <1/2.
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Let
Y(r) = sr— 1, G(p) =v(V/2 - 2p).
Define
Io={pe[-1,1]: /2 —2p < CqeoQ}.

By (88), the inner products
p?: = <07$?:> = apcy L ig;

belong to Ig, and Fy(zF) = G(pE). The restriction Gg := G| I, is strictly decreasing. Moreover, for
pE IQ,
_ V2—2p
(GG (GW)) = ==
§—1/2—12p

The right side tends to zero at p = 1, so this estimate includes the endpoint by continuity. Set

< 20560 Q- (90)

Bq — 2\/§Cgeo’
Cs
and choose cg > 0 so that

1
2Byc6 < 3. (91)

Let Yii be the sample means at :cii, and let ffii be their Euclidean projections onto the interval
G(Ig). Define

+
=t =) g
7

Use
ng = [Ccondﬁ/Qﬂ

repetitions at each site. Choose Cion so that, simultaneously for all ¢ and all j < J,

o)) < 22 (92)

Vd

on Heon. Projection onto G(Ig) cannot increase the error because the true value belongs to this
interval. Combining (90), (92), and ¢ > c5Q/V/2 gives

+

i

Y

N C
@ — | < Bqﬁf;a
and hence
| — w| < ByesQ. (93)

Let w be the Euclidean projection of @ onto the ball of radius 1/2. Since the true w belongs to
this ball by (89),
@ — w|| < [|& - w]|.

Set
Vj+1 =/ 1-— HQEHQU +QE.
The map
z— /1= z]Pv+ 2
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is 2-Lipschitz on the ball of radius 1/2. Using 6§ = /1 — ||w||? v + w, we obtain

16— vl < 2[w —w| < Q/2 = Qjp1.

This proves (87) by induction.
The number of queries at scale Q; is O(d2£/Q§). By (88),

Fy(z77) = (10 — 27])) < 54 CieoQy

)

so the corresponding regret is O(d*£/Q;). If J = 0, this stage makes no queries. Otherwise, Q;
decreases geometrically and Qj_1 > Cterm@, SO

N2 = 27
Q Cterma

d2£ Cd*L Z d2£ Cd*L

- Cterma

i<J ]<J

The output = vy then satisfies
Fy(z) = (10 — vsl) < 54[10 — vl < 54Crerma < o0

The number J and every repetition count are deterministic. Continuing the same clipped updates
off Heon therefore gives the claimed deterministic cap. ]

Proof of Theorem 5.3. Run Lemmas D.1-D.3 in order, assigning failure probability §/3 to each.
The three conditional failure bounds imply supg Py(H¢) < 6 = ¢pa. The amplification lower bounds
and the angular invariant are asserted only on H; the deterministic caps, clipping rules, and fixed
iteration limits define the same routine on H¢. Because a < by < ¢, their deterministic caps and
geometric sums give

N < C,d°L3,/a

and, on H,
Ry < C,d°L3,/a.

On H°¢, the capped routine uses no more than its displayed query budget and incurs at most one
unit of regret per query. Since P(H¢) < § = csa, this adds at most

C,yd2L(2l’a/a

to expected regret. The accuracy statement follows from Lemma D.3 and the union bound. Since
losses are bounded by one, the same statement gives, under every prior,

EFo(z) < (70 + co)a.

Apply Markov’s inequality to the nonnegative random variable E[Fg(Z) | Hy] to obtain (50). On
the displayed event, the posterior Bayes risk is no larger than the posterior loss of 7, and hence is
at most ~ya. O

E Gaussian models and Bayes—minimax equality

This appendix proves Theorem 4.1. It establishes measurable implementation and the order of the
Bayes and minimax optimizations; the two-sided stopped reduction itself was proved in Section 2.
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Lemma E.1 (Prior-wise Borel realization). Fiz a Borel prior @ and a finite horizon T. On
standard Borel history, action, and observation spaces, every universally measurable randomized
nonanticipating policy has a Borel randomized nonanticipating policy inducing the same joint law of
(F,Hy) under Q. The same holds when the action space is augmented by a stopping symbol.

Proof. At time t, represent the action kernel as a universally measurable map from histories into
the standard Borel space of action distributions. Under the reached history law, this map has a
Borel version. Replace it by that version; the strategic law through time ¢ is unchanged. Induction
over t = 1,...,T proves the claim. Adding one isolated stopping symbol preserves the standard
Borel property. O

E.1 Finite-horizon Bayes—minimax identity

Let v = N(0,1), let Hr = (C x R)T, and equip P(Hz) with the topology of weak convergence. Let
Pr be the set of reference strategic measures

T
P(dhr) = [ me(dae | he—1) v(dys)
t=1

generated by Borel randomized nonanticipating policies.

Lemma E.2 (Compactness of reference strategic measures). Suppose that C' is a nonempty compact
metric space. Then Pr is a nonempty convex weakly compact subset of P(Hr).

More precisely, a probability measure P on Hp belongs to Pr if and only if, for everyt < T,
a € Cy((C xR)L x C), and b € Cy(R),

/a(ht_l,xt)b(yt)dP = </bdu> /a(ht_l,a:t)dP (94)

Proof. Every reference strategic measure satisfies (94) by iterated conditioning. Conversely, the
bounded-continuous identities extend, by a measure-determining and monotone-class argument on
Polish spaces, to bounded Borel a and b. They therefore imply

P(Yt S ’ Ht—laXt) = V() P-a.s.
Because all spaces are standard Borel, P has Borel regular conditional distributions
7Tt(' | htfl) = P(Xt S | H; 1 = htfl).

Successive disintegration, together with the displayed conditional law of Y;, gives

T

P(dhr) = [ [ me(dae | ho) v(dyy),
t=1

so P € Pp. This proves the characterization.

The characterization is linear in P, so Pr is convex. It also implies that the Y7.p-marginal of
every P € Pris v®T. Since CT is compact, this common observation marginal makes Pz tight.

If P, € Pr and P, = P, then both sides of (94) converge for every bounded continuous a, b.
Hence P satisfies the same identities and, by the characterization, belongs to Pr. Thus Pr is weakly
closed. Prokhorov’s theorem now gives weak compactness. O
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For f € C(C,|0,1]), write

zeC

T
m(f) =minf(z),  Gylhr) =Y _{f(x) —m(f)},
t=1

and

T
Ly(hr) = exp {Z (o) = 0?) } ,

t=1
and define
u(P.f) = [ Ly(ha)Gy(hr) Pldhr).

Lemma E.3 (Continuity of the Gaussian regret payoff). The map
(P, f) — u(P, )

is jointly continuous on Pp x C(C,[0,1]), where the first space has the weak topology and the second
has the uniform topology. It is affine in P and takes values in [0,T].

If P is the reference strategic measure generated by a policy 7, then
alPJZr .

Proof. The likelihood-ratio identity follows by multiplying the one-step density ratios

oy — f(x1))

o) P {ytf(xt) - 1f(33t)2} .

2

The action kernels cancel because the same policy is used under the reference and shifted observation
laws. Thus L;P is the actual strategic law, and

u(P, f) = E}Rr € [0, 7).

Fix f. The integrand L;G is continuous on Hyp, but it is unbounded. Put

T
S(yrr) = wl-
t=1
Since 0 < Gy < T,

0 < Ly(hr)Gy(hr) < TeSWrt), (95)

The right-hand side is integrable under v®7, and every P € Pr has this same observation marginal.
Let xar € C.(RT) satisfy 0 < xar < 1 and xps(y) — 1 pointwise. Then xuv (y1:17)Ly(hr)G ¢ (hr) is
bounded and continuous, while

sup /(1 —xum)LyGydP < T/(l —xm ()’ v (dy) — 0.
PePr

It follows that weak convergence P, = P implies u(P,, f) — u(P, f).
It remains to control changes in f, uniformly over P. Let 6 = || f — f/||co. Since

m(f) —m(f)I <o, |Gy —Gp| <275,
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and, upon writing Ay = log Ly,
Ay = Ap| <H{S@r) + T}, Ap, Ap < S(yrr),
the mean-value theorem gives
LGy — LpGp| < Toe* T {S(y1r) + T + 2}

Therefore

sup [u(P, f) = u(P, f')| < Kzl f = 'l
PePr

where

Kp= T/es(y){S(y) + T 4 2} ¥ (dy) < .

Combining this uniform estimate with continuity in P for fixed f proves joint continuity. Affinity in
P is immediate. O

Proof of (34). Fix C € Cq and abbreviate § = §4(C). Let Vg be the real vector space of finitely
supported signed measures on §, equipped with the locally convex topology generated by the
seminorms

q—

/ o aldn)|.  6eaE).

Let Qo C Vg be the convex set of finitely supported probability measures, and define

U(P,Q) = / u(P, f) QUdf).

S

By Lemma E.3, f +— wu(P, f) is bounded and continuous. Hence Q — U(P, Q) is continuous and
affine on Qy. For each Q € Qy, P — U(P, Q) is a finite convex combination of continuous affine
functions and is therefore continuous and affine. Lemma E.2 makes Pr compact and convex. Sion’s
theorem (Sion, 1958) gives

min sup U(P,Q)= sup min U(P, Q).
PR 02, P T g8, e T

Because every Dirac measure belongs to Qp,

sup U(P, Q) = supu(P, f).
Qe feg

The preceding lemmas identify every P € Pr with a Borel randomized nonanticipating policy and
identify u(P, f) with that policy’s regret under f. Consequently,

infsup E} Ry = sup inf Ef)Rr. (96)
T fe¥ QEQ ™

For an arbitrary Borel prior @) on §, boundedness and Borel measurability of u(P,-) give

min /u(P, f)Q(df) < min supu(P, f).

PcPr PcPr feg

Taking the supremum over all Borel priors cannot exceed the minimax value, whereas, by (96), the
supremum over finitely supported priors already equals the minimax value. Hence

inf sup E}FRT = sup infEG Ry,

T fes Qong T
and the supremum on the right may be restricted to finitely supported priors. Taking the outer
supremum over C € C4 proves (34). O
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E.2 Measurable selection of stopped experiments

Lemma E.4 (Capped Gaussian selection). Fizx a query cap L < co. The capped stopped value

bEgRN
b)= inf ———
vr(@:b) EN<L Pg(M)
1s universally measurable. For every € > 0, there is a universally measurable state-to-experiment
rule with value at most vy, (Q,b) + € at every active state.

Proof. The belief space P(F4(C)) is standard Borel. For a belief p, define

fpiz) = / (@)~ min Py p(dr), () = min €, )

The first map is Borel and continuous in x; compactness of C makes r Borel and supplies a Borel
Bayes-action selector. With ¢ the standard Gaussian density, the posterior update is the Borel map

_plo— f(z)) u(df)
W(p,z,0)(df) = [ (o~ f'(x)) u(df’)

For a rational price ¢ > 0, the capped penalized problem is exactly the recursion (10), with
' = V(u,z,0). Its one-step costs are bounded below and all primitive kernels are Borel. Standard
integration, partial minimization, and universally measurable selection for lower-semianalytic dy-
namic programs therefore apply (Bertsekas and Shreve, 1978, Propositions 7.47-7.50). In particular,
its root value J (u,b) is lower semianalytic and has universally measurable near-minimizers.
Directly from the definition,

vp(p,b) <q <= Ji(ub) <O.

The rational strict sublevel sets make vy, universally measurable. On {v;, < +o00}, enumerate the
positive rationals and measurably choose the first ¢ with

v +e/d < qg<vp+e/2

Then J§ < 0. Partition this set further by the first integer n such that J{ < —1/n, and use a
Bellman selector whose approximation error is less than 1/(2n). The resulting penalized value
remains negative, so its success probability is positive and its ratio is below ¢ < vy, + ¢/2. On
{vr, = 400}, any measurable one-query rule satisfies the extended-value approximation. Countable
patching gives one universally measurable e-optimal rule. O

Lemma E.5 (Removing the query cap). The unrestricted value SCy(Q) is universally measurable
and has a universally measurable e-optimal selector for every e > 0. The selected experiment may
have a finite deterministic cap L(Q,b) depending on the state.

Proof. Truncate an admissible experiment after L queries. Its stopped regret and hit probability
increase to those of the complete experiment:

ERnaL TERy, P(Mg) T P(M).

Hence its ratio converges, including the zero-success case under the +o0o convention. Indeed, if
P(M) > 0, componentwise convergence gives convergence of the ratios; if P(M) = 0, then every
truncated hit probability is zero and all ratios are +o0o. Since capped experiments are a subset of
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all experiments, SCy(Q) < v (Q,b) for every L. Conversely, truncating any admissible experiment
and passing to the limit gives the reverse inequality. Therefore

SG(Q) = igfl vr(Q,b).

This is universally measurable by Lemma E.4. On {SC, < 400}, choose measurably the first L
for which vy, < SCp + €/2, then use the capped €/2-selector. On {SC, = +o0}, use any measurable
one-query rule; the approximation statement is vacuous there. Countable patching proves the
claim. O

Proof of (35). Lemma E.5 selects, simultaneously at every active state, an experiment within e
of its pointwise infimum. Taking the worst state and then letting e | 0 gives SC'™ < SCP*. The
reverse inequality is immediate from the definitions. For each fixed prior and finite global horizon,
Lemma E.1 replaces the universal selector by a Borel policy with the same strategic law. ]
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